Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 



Ho,-.db, Google 



Ho,-.db, Google 



^ 



^^^A-t.^^-/^% 



Hcssdb, Google 



Ho,-.db, Google 



ELEMENTS 



DIFFERENTIAL AND INTEGRAL 



CALCULUS. 



BY CHARLES DAVIES, LL. D., 



IMPROVED EDITION. 



NEW YORK: 

PUBLISHED BY A. S. BARNES & CO. 

No. 51 JOHN STREET. 

1852. 



Ho,-.db, Google 



Entered according to the Act of Congress, in the year one Wioasanti 
eight hundred and thirty-six, by Charles Daviss, in tlie Clerk's Office 
of the District Court of Ihe United States, for the Southern District of New 



Hcssdb, Google 



The Differential and Integral Calculus is justly con- 
sidered the most difficult branch of the pure Mathematics. 

The methods of investigation are, in general, not as 
obvious nor the connection between the reasoning and 
the results so clear and striking, as in Geometry, or in 
the elementary branches of analysis. 

It has been the intention, however, to render the sub- 
ject as plain as the nature of it would admit, but still, 
it cannot be mastered ■without patient and severe study. 

This work is what its title imports, an Elementary ■ 
Treatise on the Differential and Integral Calculus. It 
might have been much enlarged, but being intended for 
a text-book, it was not thought best to extend it beyond 
its present limits. 
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The works of Boucharlat and Lacrois have been 
freely used, although the general method of arranging 
the subjects is quite different from that adopted by 
either of those distinguished authors. 

The present is a corrected, and it is hoped an improved 
edition. The first chapter has been entirely re-written, and 
some of the other parts of the work have been considerably 
altered. 

West Poimt, March, 1843. 



Hcssdb, Google 



CONTENTS. 



CHAPTER I. 

Constanis and variables, ..... 

Functions defined, ...... 

Incieasing and decreasing functions, 

Implicit and explicit functions. 

Differential coefficient defined, 

Difl'erential coefficient independent of increment, 

Diflerential Calculus defined, .... 

Equal functions have equal diflereiitials, 
Reverse not true, ...... 



CHAPTER II. 
Algebraic functions defined, .... 

Diflierential of a function composed of several terms, . 
" " the prodnot of two functions, . 

" " " any number of functions, 

" " a fraction, ..... 

Decreasing function and its differential coeflicient. 
Differential of any power of a function, . 

" of a radical of the second degree, 

" coefficient of a function of a function, . 

Examples in the differentiation of algebraic functions, 
Successive differentials — second differential coefficient, 

Taylo s ri eore 1, 

D ftere t al coefficient of the sum of two variables. 
Develop n nt of the function 'a = {a -\- x)", 

second state of any function, . 
S ga of tl e 1 n of a series, 



Hcssdb, Google 



(l CONTENTS. 

Cases lo which Taylor's Theorem does not apply, . 

Maclaurin's Theorem, 

Cases to which Maclaurin's Theorem does not apply. 
Examples in the developmeal of algebraic functions, . 

CHAPTER III. 
Transcendental functions — logarithmic and circular. 
Differential of the function u^ a', 

" " logarithm of a quantity, . 

liOgarithmic series, ...... 

Examples in the differentiation of logarithmic functions. 
Differentials of complicated exponential functions, . 

" " circular functions, . . . . 

" " the arc in terms of its functions, 

Developmenlof the functions of the arc in termsof thearc. 
Development of the arc in terms of its functions, 

CHAPTER IV. 
Parliiil {.lilTerentials aud partial differential coefficients 

Development of any function of two variables, . 

Differential of a fimction of two or more variables, . 

Examples in the differentiation of functions of two va- 
riables, 

Successive iliiFerentials of a fimction of two variables, 

Differentials of implicit functions, . 

Differential equations of curves, . . . . 

Manner of freeing an equation of constants, . 

" " the terms of an equation flora ex- 
ponents, 

Vanishing fractions, ..... 

CHAPTER V. 

Maxima and minima defined, 

General rule for maxima and minima, . . . . 
Examples in maxima and minima, .... 
Rule for finding second differential coefficients, . 



Hcssdb, Google 



CHAPTER VI. 



Expressions tor tangents and normals, 
Equations of tangents and normals, . 
Asymptotes of curves, . 
Differential of an arc, 



" '■ the area of a segment, 

Signification of the differential coefficienls, 
Singular points defined, ...... 

Point of inflexion, ....... 

Diaciission of the equation y — S ± c (a^ — a)", 
Condition for maximum and minimum not given by Tay- 
lor's Theorem— Cusp's, ..... 

Multiple point, ........ 

Conjugate or isolated point, 

CHAPTER VH. 
Conditions which determine the tendency of curves to 

coincide, ........ 

Osculatrix defined, ..... 

Osculalrix of an even order intersected by the cur 
Differential formula for the radius of curvature, 
Variation of the curvature at different points, 
Radius of curvature for lines of the second order, 
Involute and evolute curves defined, . 
Normal lo the involute is tangent to the evolute. 
Difference between two radii of curvature equal t( 

intercepted arc of the evolute. 
Equation of the evolute, ..... 
Evolute of the common parabola, . 



CHAPTER VIII, 
Transcendental curves defined — Logarithmic curve, . 
The cycloid, ........ 

Expressions for the tangent, normal, &c., to the cycloid, 

Evolute of the cycloid, 

Spirals defined, 



b, Google 



INTEGRAL CALCULUS. 

Integral calculus defined, ..... 

Integration of monomials, 

Integral of the product of a diUerential by a constant, 
Arbitrary constant, ...... 

Integration — when a logatiihm, 

Integration of particular binomials, 

Integration — when a logarithm, . . . . . 

Integral of the differential of an arc in terms of its 



Integral of the differential of j 



Integral of the diiferenlial of a 

tangent, 
Integral of the differential of a 



i of i 



" of differential binomials, . 

Formula for diminishing the exponent of the parenthesis 
Formulas for diminishing exponents when negative, 
Particular formula for integrating the expression 



Integration of rational fractions when the roots of the 

denominator are real and equal, 
Integration of rational fractions when the roots are 

equal, 

Integration of rational fractions when the denominator 

contains imaginary factors, .... 
Integration of irrational fractions, .... 
Rectification of plane curves, . . , . 

Quadrature of curves, ,.,,.. 

" of curved surfaces. .... 

Cubature of solids, ... 
Double integrals, ...... 



Hcssdb, Google 



DIFFERENTIAL CALCULUS. 



CHAPTER I. 
Definiiions and Introductory Remarks. 

1. All the quantities which are considered in the Dif- 
ferential Calculus may be divided into two principal 
classes : constants and variables. Eacli constant retains 
the same value throughout the same investigalion ; but 
the variable quantities are subjected lo certain laws of 
change, in consequence of which they may assume in suc- 
cession, an infinite number of different values, without 
changing the form of the expression into which they enter. 

The constant quantities are generally designated by the 
first ietteii. of the ilphibet, a, b, c, &c , and the variable 
qinntitie'5 by the final letleri a,, y, z, &c 

2 If two \ariable quintitjes are so connected together 
that any chmge m the vilue ot ihe one necessarily pro- 
duces a ch-inge m the talue of (he other, they are said to 
he functions of each olhfr 

Thus, in the expression 
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10 ELEMENTS OP THE 

y and x are fjnctions of each oLher; for, if any change 
be made in ihe value of x, a corresponding change will 
take place in that of y \ and leciprocaljy. 

3- When the value of one variable depends on that of 
another, as in the expression 

y=^ aoe, or y = gc", 
if we attribute at pleasure any increment to one of the 
variables, a corresponding change will take place in the 
other; and hence, if one of them be supposed to increase 
or decrease according to any independent or arbitrary 
law, a corresponding change of the other will take place 
according to the law of relation which exists between 
them. The one to which ihe arbitrary increment is 
given, is called the independent variable, or simply the 
variable, and the oilier is called the function. 

4. The relation between a function and its variable is 
generally expressed thus : 

in which / is a mere symbol, denoting that y and x are 
functions of each other. The expression is read, y a 
function of x, or y equal to a function of x. 

The mutual dependence of one variable on another 
may also be expressed under the form 

My) = 

in which y'us. function of a^, and x a function ofy. 

5. Functions are either increasing or decreasing. An 
increasing function is that which increases when its vari- 
able increases, and decreases when its variable decreases 
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DIFFERENTIAL CALCULUS. II 

Thus, in ihe expressions 

y and u are increasing functions of x ; since, if x be in- 
creased,!/ and u will bolh increase ; and if x be diminish- 
ed y and u will both decrease. 

A decreasing function is lliat which increases when its 
variable decreases, and decreases when its variable in- 
creases. Thus, in the expression 
1 

y is a decreasing function of x; for, if x is decreased 
y will increase; and reciprocally. 
In tlie expression 

y will decrease while x increases between the limits of 
zero and a; but will increase with x for all values of a; 
greater than a. Hence, j/ is a decreasing function of x 
for all values of a: less than a, and an increasing func- 
tion of X for all values of !" greater than a- 

6. Functions are either eTpJicit or implicit. An ex- 
plicit function is when tlie value of the fnnction is di- 
rectly expressed in terms of the variable on which it de- 
pends. Thus, in the espressions 

u = hx\ y = ^/a' - x\ 
u and y are explicit functions of x. 

An implicit function is one where the value is not 
directly expressed in terras of Ihe variable. Thus, in 
the expressions 
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12 ELEMENTS OF THE 

au^ + ca!^ = bw\ if -'rX=a^ ~ x^, 
u and y are implicit funccions of a: These expressions 
may be wrillen under the form 

y!«,x) = 0, and /(y,i)=0. 
The relalion between an implicit function and its variuble 
may also be expressed by means of two or more equa- 
tions. Thus, if we have 

z = ay'^, and y — ax, 
z is an implicit function of 37. 

These expressions may be written 

z=S{y\ and y^Ax); 
or we may write 

yi;^,j,)=o, .nd /(j,^)=o. 

7- Functions are either algebraic or transcendental. 

8, An algebraic function is one in which the relation 
between it and its variable can be expressed algebraically 
— tiiat is, by addition, subtraction, multiplication, division, 
or the extraction of roots indicated by constant indices. 
Thus, in the. expressions 

M = ax^ + c», y = "v/w^ — x^, 
u and y are algebraic functions oi x. 

9. Transcendental functions are those in which the 
relation between the function and its variable cannot be 
determined by methods purely algebraic. For example : 

u = a", u = log. a;, m = sin x, 
are transcendental functions. 
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DIFFERENTIAL CALCULUS. 13 

When the variable enters as an exponent, it is called 
an exponential function ; when it enters as a logarithm, 
it is called a logariihmic function ; and when it enters as 
a sin., tang., cos., &c., it is called a circular function- 
Thus, in 

u = a'', u is an exponential function of x ; 

u ~ \ogce, w is a logariihmic function oix; 

u = sin ic, M is a circular functioo of a:. 

10. Although the values of the function and variable 
may be changed at pleasure without affecling the values 
of the constants with which ihey are connected, there is, 
nevertheless, a relation between them and the constants 
which it is important to consider! 

If, in the equation 

a particuJar value be attributed either to x or y, tlie other 
will be expressed in terms of this value and the constant 
quantities which enter into the primitive equation. Thus, 
in the equation 

y=^a!x + h, 

if a particular value be attributed to x, the corresponding 
value of y will depend on the value as&igned to x, and on 
a and b; or if a paiticular value be attributed to y, the 
corresponding value of v will depend on that v^lue, and 
on a and b. The same will evidenily be the case in the 
equation 
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14 ELEMENTS OF THE 

or in any equation of the form 

Hence, we see that, although tlie changes whicli take 
place in the values of the function and variable are entire- 
ly independent of the constants with which they are con- 
nected, yet their absolute values are dependent on those 
constants. 

11. Since the relations between the variables and con- 
stants are not affected by the changes of value which the 
variables may experience, it follows that, if the constants 
be determined for particular values of the variables, they 
will be known for all others. 

Thus, in the equation 

if we make a^=0, we have 
or, if we make y=0, we have 

12. The function y, and the variable x, may be so re- 
lated to each other as to reduce to at the same time 
Thus, in the equation 

y^ = 2px, 
which may be placed under the general form 
/(^,,) = 0, or ,=/W, 

if we make a; = 0, we have i/ = 0, or if we make y = 0, 
we shall have x = 0. 
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13. We have thus far supposed the function to depend 
on a single variable ; it may however depend on several. 
Let us suppose, for example, that u depends for its value 
on x, y, and z ; wc express this dependence by 

If we make ce=0, we have 

u^fy.z); 
if we also make y=0, we have 

«=A= ; 

and if, in addition, we make z = 0, we have 

u=z a constant, 
which constant may itself be equal to 0. 
If the function be of the form 

M = i + aa; + ya? + za?, 
in which one of the variables is a factor of several of the 
terms, then, if « = 0, we shall have 

or, if X were a factor of all the terms, we should have, 
for ic = 0, M ^ 0. 

14. Let us now examine the change which takes place 
in the function, in consequence of any change that may 
be made in the value of the variable on which it depends. 

Let us take, as a first example, 

»=«', (1) 

and then suppose x to be increased by any quantity ft. 
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16 ELEMENTS OF THE 

Designate by m' the new value which u assumes, under 
this supposition, and we shall have 

u'=a{x + hf, 
or, by developing, 

u' = aafi + 2aa:k + ah'. 
If we subtract the first equation from the last, we shall 
have 

vf ~-u = 2axh + aJv' ; 
hence, if the variable x be increased by h, the function 
will be increased by 2axh Ar ah'^. 

If both members of the last equation be divided by h, 
we shall have 

— i^ = 2ax + ah, 

which expresses the ratio of the increment of the variable 
to that of the function. 

Let ns take, as a second example, 
u^a,; (2) 
and suppose x to be increased by a quantity A; desig- 
nating by m' the new value which it assumes under this 
supposition, and we shall have 

u'^{x + kf, 
and, by developing, 

u' = x^ + Sx'k + 3xh^ + kK 
By transposing a:', substituting for it its value u, and 
then dividing by h, we have 

"'-~— = 33fi + 3xh+ h\ 
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DIFFERENTIAL CALCULUS. 17 

From equation ( 1 ) we liave 

— = 2ax + ah : 

h 

and from equation (2), 

a 
15, Let us now observe tliat the numerator in the first 
member of each of ihe above equations, is tiie difference 
between the primitive function m, and the new value u' , 
which arose from giving an increment h to the variable 
X, of which M is a function. Hence we see, that the first 
member of each equation is equal to the increment of 
the function divided by the corresponding increment of 
the variable. 

If we examine the second members of these equations, 
we find a term in eacli which does not contain the in- 
crement h, viz. : in the first, the term 2ax, and in the 
second, 3x\ If now, we suppose k to diminish, it is 
evident that the terms 2ax, and 3x^, which do not contain 
h, will remain unchanged, while all the terms which 
contain h will diminish. Hence, the ratio 

u' ~u 

~~h~' 
in either equation, will change with h, so long as h re- 
mains in the second member of the equation ; but of all 
the ratios which can subsist between 

u' — u 
k~' 
is there one which does not depend on the value of h? 
We have seen that as k diminishes, the ratio in the first 
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18 ELEMENTS or THE 

equation approaches to Hax, and in the second to 3x* ; 
hence, 2ax and 3x^, are ihe limits towards which the 
ratios approach in proportion a A is diminished ; and 
hence, each expresses ihat particular ratio which is in- 
dependent of the value of h. This ratio is called the 
limiting ratio of the increment of the variable to the 
corresponding increment of the function. 

16. We are now to explain the notation by means of 
which this hmiting ratio is to be expressed. For this 
purpose let us resume tlie equation 

— IH- = 2aj; + ah, 
h 
and represent by dx the last value of A, that is, the valuta 
of h, which cannot be diminished, according to the law of 
change to which h or x is subjected, without becoming 
and let us also represent by du the coiresponding dif- 
ference between u' and m; we then have 

du . 

— = Sox, 

dx 
The letter d is used merely as a characteristic, and the 
expressions du, dx, are read, differential of w, differential 
of I. 

It may be difficult to understand why the value which 
k assumes in passing to the Hmiting ratio, is represented 
by dx in the first member, and made equal to in the 
second. We have represented by dx the last value of h, 
and this value forms no appreciable part of h or x. For, 
if it did, it might be diminished without becoming 0, and 
therefore would not be the last value of h. By designa- 
ting this last value by dx, we. preserve a trace of the 
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DIFFERENTIAL CALCULUS. 19 

letter x, and express at tlie same time the last change 
wliich lakes place in h, as il becomes equal lo 0. For a 
like reason Uie last difference iietween vf and u is desig- 
nated by du. 

Tlie limiting ratio in equation (2) is 

ax 
The limiting ratio of ihe increment of the variable to 
that of the function, which has been found in the pre- 
ceding equations, is called the differential coefficient of ii 
regarded as a function of x. 

17. Let us take, as another example, the function 
ti = ax'; (3) 
if we give to a; an increment k, we shall have 

«' = aa* -j- iax'k + Gax^k^ + iaxli^ + ah\ and 

--T— = iax^ + Ga^Vt -J- iak^ + aP, 
and, by taking the limiting ratio, we have for the differ- 
entia! coefficient, 

^Ji^iaaf'. 
dx 

19. If it were required to find the differential of the 

function u, after we had formed its differential coefficient, 

it could be done by simply muliplying the differenUdl 

coefficient by the differential of the variable ; thus, from 

equation (l) we should have 

du = 2axdx ; 

from the second, 

d'j = Sx'dx ; 
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and from ihe third, 

du = iax^dx. 
The differential of each function may e 
under the following form : 
du , 



Eq.l. 


-j-dx~Zaxdx; 

dx ' 


Eq.2, 


du, 
^dx:^3x^dai; 


Eq. 3, 


du 

^dx = iax^dx; 



which, indeed, is nothing more than finding the differen- 
tial of the function hy multiplying the differential coefficient 
expressed in the first member of the equation, by the dif- 
ferential of the variable. 

. 19. Let us now examine each of the three equations 
which we have c(>nsidered, and observe ihe/onn of the 
expression for the difference between the two states of 
the function u. 

From the first equation we have 

m' — M = Zaxh + a¥; 
^from the second, 

u' _ M = ZxVt + ZxP + /i*; 
and from the third, 

u'—u=- iaar'h + GaxVi'' + iaxh^ + ah*. 
We see in each of the expressions for the difference 
between the two states of the function k, that the first 
term of the difference contains the first power of the in- 
crement h, and that the coefficient of this term is the 
differential coefficient of the function u, or the limiting 
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ratio of the increment of the function to that of the vari- 
able. This differential coeiEcient is, in general, a func 
tion of X. 

If, now, in either of the expressions, we represent the 
differential coefficient, or limiting ratio, by P, and all the 
following terms of the difference by P'A' (in which P' 
will in general be a function of h), the difference may be 
written under the form 

and we shall assume that what has been proved in regard' 
to the three forma of the function u which we have con- 
sidered, is equally true for all other forms. This form,. 
for the difference between the two states of the function, 
is important, and should be carefully remembered. If, 
then, we have a function of the form 

and give to x an increment h, we shall have 
u'~u= Ph + P'h'. 
If, now, we wish the ratio of the increments, we have 

and, passing to the limiting ratio, 

~ = P- 

dx ' 

and, if we wish the differential of the function u, we have 

du = Pdx, 

*^M , ^, 
or -j-dx = Pdx. 

dx 

If we represent the increment of the variable by k, and 
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the differential coefficient by Q, the difference would be 
represented by 

ii'-u=Qk+Q'k'' 

du 
and ^dx = Qdx. 

We may conclude from the above, that if we have the 
difference between two states of a function, as 

M' - w = FA + Fk', 
that we can immediately pass to the differential of v, by 
-writing du for u'— u, substituting dsfor h in the second 
member, and omitting the terms which contain h'. 

20. If two functions, M and w, dependent on the same 
variable, are equal to each other, for all possible values 
v^hich may be attributed to that variable, the differentials 
of those functions will also be equal. 

For, suppose x to be the independent variable. We 
shall then have (Art. 15), 

U''-U = Ph+P'k\ 

■v'-v=: Qh + Q'K', 
in which^Q is the differential coefficient of v, regarded as 
a function ofa?- 

But, since u' and v' are, by hypothesis, equal to each 
other, as well as w and v, we have 

Ph + P'k''=Qh+Q'h\ 
or, by dividing by h and passing to the limiting ratio, 

P=Q, 

du dv 



hence^ 



dx dx* 
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du , dv , 
and -T- dar = -rdx, 

ax dx 

that IS, the differential of M is equal to the differential of i>, 
21. The reverse of the above proposition is not gene- 
rnlly true ; that is, if two differentials are equal to each 
other, we are not at liberty to conclude that the functions 
from which they were derived are also equal. 
For, let 

u = v±A, 
inwJiich ^ is a constant, and u and » both functions of 
X. Giving to tc an incremenl k, we shall have 

n' = v'± A, 
from which subtract the primitive equation, and we ob- 
tain 

and, by subsiitucing for the difference between the two 
slates of the function, we have 

Ph + P'k'^Qh+Q'h' 
Dividing by h, and passing to the Hmiling ratio, we 
obtain 

dv 

dji dv 

hence, t- ax= -i-ax; 

dx ax 

or, what is the same thing, by merely changing the form, 

du = dv. 

Here we see that although v may be greater or less than 

u by the constant quantity A, still its differential will 

always be equal to that of u. 
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Hence, also, we conciude that every constant quantity, 
connected with the variable by Ike sign plus or minus, 
wilt disappear in the differentiation. 

The reason of ihis is apparentj for, as a constant ad- 
mits of no increase or decrease, tliere is no ultimate or 
last difference between two of its values ; and this ulti- 
mate or last difference is the diffeiential of a variable 
function. Hence the differential o^ a constant quantity- 
is equal to 0. 

22. If we have a function of the form 
u = Av, 
in which u and v are both functions of x, and give to x 
an increment h, we shall have 

u'^u = Aiv'-v), 
or Ph + P'h" ^A{Qh+ Qh'') ; 

and, by dividing by h, and passing to the limiting ratio, 

we have 

P = AQ, 

or Pdx = AQdx. 

But Pdx = du, and Qdx = dv, 

hence, du — Adv ; 

that is, the differential of the product of a variable 

quantity by a constant, is equal to the differential of the 

variable multiplied by the constant. 
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CHAPTER II. 



Differentiation of Algebraic Functions — Succes- 
sive Differentials — Taylor's and Maclaurin's 
Theorems. 

S3. Algebraic functions are those wfiich involve the sum 
or difference, the product or quotient, the roots or powers, 
of the variables. They may be divided into two classes, 
real and imaginary. 

24. Let it be required to find the differential of the 
function. 



If we give to a7 an increment h, and designate the 
second state of the function by vf, we shall have 

i/=ax + ah = u + aht 



S5. As a second example, let us take the function 
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If we give to x an increment h, we liave 
«'= ax^+^aliT. + alt', 

It 
hence, dii = 2ax dx. 

S6. For a third example, take the function 

giving to 3; an increment h, we have 

^-^r^^ 3aay^+3axh + a7i% 

or passing to the limit 

~— = 3ax''; hence, du^Sax'dx. 
dx 

27. Let us now suppose the function u to be composed 
of several variable terms : that is, of the form 

in which y, z, and w, are functions of re. 

If we give to x an increment h, we shall have 

«'_« = (/-,) + (/-«)-(»'-»): 
hence, (Art. 19), 

w'- M = (PA + J"A^) + ( QA + Q'A=) - {Lh + J/h"), 
or, ^!-^ = (p + P'k) + {Q+Q'h)-{] VlJh^ 
or by passing to the limit 
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and mulliplyiiig bolh members by d:e, we liavc 

~dx = Pdx-\-Qdx-Ldx. 
ax 

But since P, Q, and L, are the diftereiiliai coefficients 

of y, z, and in, regarded as functions of x, it follows (Art. 

18) that, the differential of the sum, or difference of any 

number of functions, dependent on the same varffible, is 

equal to the sum or difference of their differentials taken 

separatehj. 

38. Let ns now determine the differential of the product 

of two variable functions. 

If we designate the functions by u and v, and suppose 

them to depend on a variable x, we shall have 

i^ = u + Ph + P'h\ 

v' = v+Qh+Q'h\ 

and by muitiplying 

uV = {u + Ph+ P'h") {v + Qh+ Q'h'') 

= uv + vPh + uQk + PQh^ + &c ; 

hence 

j = i'P + wQ-l- terms containing A, A', & h\ 

If now, we pass to the limiting ratio, we have 



^ = 



vP + uQ ; 



therefore, d{uv) = vPdx + uQdx = vdu + udv. 

Hence, the differential of the product of two functions 
dependent on the same variable, is equal to the sum of the 
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products which arise by multi-plying each by the ( 
ential of the other. 

If we divide by uv, we have 



ihal is, the differential of the product of two functions, di- 
vided by^he product, is equal to the sum of the quotients 
which arise, hy dividing each differential by its function. 

29. We, can easily determine from the last formula, 
the differeniial of ilie product of any number of functions. 

For tbis purpose, put v = ts, then 

dv d(ts) __ dt ds 
ir~ ts ^ t s ' 
and by substituting for v in the last equation, we have 
d{uts) _ du , dt ds ^ 
uts u t s ' 

. and in a similar manner, we should find 

djutsr.. ■ .) _ du_ ,_dt_, _ds_ dr_ ^^ 

utsr .... M ( s r 

If in the equation 

d(uts) _ du dt_ ds 
uts u t s 

we multiply by the denominator of the first member, we 
ghall have 

d(uts) — isdu + usdt + utds ; 

and hence, the differential of the product of any number 
of functions, is equal to the sum of the products which 
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arise by multiplying the differential of each function by 
the product of all the others. 

30. To obtain the differential of any fraclion, bb 
— we make 

— = t, and hence u ~ tv, 

V 

Differentiating both members, wc lind 
du = vdt + tdv ; 
finding the value of dt, and substituting for t its value 
— , we obtain 

V 

, du udv 
V v" ' 

or by reducing to a common denominator 



hence, the differential of a fraction is equal to the deno' 
minator into tlie differential of the numerator, minus the 
numerator into the differential of the denominator, divided 
by the square of the denominator. 

31 . If the numerator u is constant in the fraction t ^ — , 
its differential will be (Art. 21), and we shall have 

-7/_ ^'^^ '^^ _ " 

~ v' ' dv v^° 

Wlien M is constant, [ is a decreasing function of v (Art. 
5), and llie differential coefficient of ( is negative. 
This is only a particukr case of a general proposition. 
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For, let w be a decreasing funclion. of x. Then, if we 
give to X any increment, as h, we liave 

or, v!-u^Ph^F}?. 

But by hypotliesis w>k'; hence, the second member 
is essenlially negative for all values of h; and, passing 
to the limiting ratio, 

hence, the differential coefficient of a decreasing function 
is negative. 

32. To find the differential of any power of a function, 
let us first take the function w", in ■which 7»- is a positive 
and whole number. This function may be considered as 
composed of n factors each equal to u. Hence, (Art. 29), 

d{W) _ d{uuuu . . . .) _du ^ du du_ 
W ~~ {uuuu ....) u u u u 

But since there are n equa! factors in the first member, 
there will be n equal terms in the second ; hence, 
d{u") _ vdu _ 
u' ^ u ' 

tlicrefore, d{u") = nu*~'^du. 

If n is fractional, represent it by — , and make 

v=^u', whence, u' =v'; 
and since r and s are supposed to represent entire num- 
bers, we shall have 

ru"''du = sv'~'dv ; 
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from which we find 

"" = — rrr""~ — ; "'^t 

or by reducing 

dv = — W Ju; 
s 

which is of the same form as the function 

d{u'') = nu''-'du, 
by substituting tlie exponent — for n. 
Finally, if n is negative, we shall have 
-"-J. 

from which we have (Ait. 31), 



hence, by reducing 

(/(ir")= — nM~"~VM. 

Hence, the differential nf any power of a function, is 
equal to the exponent multiplied by the function with its 
primitive exponent minus unity, into the differential of the 
function. 

33. Having frequent occasion to differentiate radicals of 
the second degree, we will give a specific rule for lliia 
class of functions. 

Let V = vV OT v = u^; 

then, du = — w" du=—u ««=r— p=; 
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that is, the differential of a radical of the second degree, 
is equal to the differential of the quantity under the sign, 
divided hy twice the radical. 

34. It has been remarked (Art. 3), that in an equation 
of the form 

we may regard u as the function, and x as the variable, 
or X as the function, and u as the variable. We will 
now show that, the differential coefficient which is obtained 
by regarding u as a function of x, is equal to the recip- 
rocal of that which is obtained by regarding x as a func- 
tion of u. 
If we have 

and give to x an increment A, we have (Art. 19), 

u'-u = Ph-frP'h\ (1) 
But, if X be expressed id u, and we have 

and then give to u an increment k, we shaJl nave 

af-x = h = ClkJr Cl'k\ (2) 
Butft = w' — w. Substituting these values for u' — u, 
and h, in equation (l), and we have 

k — PQk + terms containing the higher powers of A. 
Dividing by k, and passing to the limiting ratio, we have 



1 =PQ, 



1 
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To illustrate this by an example, let 

u~aP, whence a: ~ ■\/ir^ U 

Now, ~^ = 3a!^^3u^; 

ax 

but regarding x as the function 

dx 1-1 1 



35, If we have three variables u, y, and x, which are 
mutually dependant on each other, the relations between 
them may be expressed by the equations 

w = /(y), and !/^f'{cc). 

If now we attribute to x an increment h, and designate 
by k, the corresponding increment of y, we sliali have 
(All. 19), 

and if^^ = P + P'ft, ^.ZJL^Q+Q'k 

k ft 

If we multiply these equations together, member by 
member, we shall have 



= (P + Pi)(Q + QA); 



k h 

but k — y' — y; hence, by dividing and passing to llie 
limiting ratio, we have 

du _ du dy _ 

dx dy dx ' 
and hence, if three quantities are mutually dependant on 
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each other, the differential coefficient of the first regarded 
as a function of the third, will be equal to the differential 
coefficient of the first regarded as a function of the second, 
multiplied by the differential coefficient of the second re- 
garded as a function of the third. 
36. Let us take as an example 

V = bv?, u — a.v', 
we find 

—— = 3hu', -r— — SoiC 

du ax 

— dv dv du ^j „ „ r 1 2 

But, ^T— = -r- X —T- = ^ou'y. 2ax = & abu^a: ; 

dx du dx 

and by substituting for v?, its value aV, 

-^— = 6a^tar', and dv = Ga^ba^dx. 



1. Find the differential of u in the expression 

u^ Va= - a?. 

Put (^ — c?^=y, then u-—y^, and the dependence be- 
tween u and 37, is expressed by means of y, and u is 
an implicit function of x. Differentiating, we find 

•^w , 1 -■ 5- ^ f •/ 2\-4- 1 dy 

T-=4 y ^ =~-(u'- — or) -, and -^ = ~-2x; 
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by multij)l3'ing the coelHcients together we obtain 

du _ 
dx ~ 
hence, 

, —xdx 

du = •■ 

2. Find the differential of the function 
u = {a + ha^). 
Place a-\-bx'' = y : then u — 'if; 

<^'U ,n~i : , 7 n\'°" 

-J- ^ my =in{a + bar) 



dx 

du = mnh{a + bx") x''~'d3j, 
3. Find the differential of the function 

du=({a' + a^)V^F^^)dx + xV^^^^d{d' + a^), 

+ x{a' + a^)dVd^^^^. 

in which tlie operations in tlie last two tenns are only 
indicated. If we perform them, we find 

d{a^ + a^) = d(a^) = 2xda!, 
<^(— a^) — xdx 
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Substituting these -values, we find 



\_ V ci'—x^ J 

or, reducing to a common denominator and cancelling tlie 
like terms. 



4. Find the differential of the function 



. (<i'+iiV+«')J(ii'-J)-(a'-J)ii(g'+aV-|-j') 
from which we imd 



i7u = 



-gi(g<i' + gaV-j')cfc 



6. Find llie differential of the function 



"=v^«-l+^^^^^^)"- 



Make y = -7=, «=^^ 

tijen we shall have 



= -v'(a_y + iy = (<i_y + 2)'; 
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we therefore have (Ait. 33), 

du = —{a-y + zy~'d{a-j/-\-z), 

~ Zdy + Mz 
ii^a — y + z' 

But from the equations above, we find 



^»=<7^)-''F 



d-)/x~ — bdx 



dz = d{c'-a?y=Y(<^-^y~'^^^^~'^)' 
-ixdx 



-(c'-a?) 'X -2a!dx = 



3-^c^-x'' 



Substituting these values of dt/ and dz, in the ■ 
pression for du, we find 



2, 


3S 


■?fe 




.dx. 


4V^. 


b 

Vi 








+ {'(c?- 


«*/] 










du: 


-dx 








ill 
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du: 



{a^V^)dx 



= a' + 3 oV + 3aV + i^^ du = 6 (a= + (^fwdx. 
1 , xdcc 






d-^')- 






-.[. 



+ \/b——^ , (Zm: 



i^x'f 



7?+a?X V^+y^ t^W: 



(t'+y>iia!+(ii'+^)y<iy 






(1 + »;)-*' 
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l + x+^n^r^ ,_ da!{l+VT^^) 



20. M = — , - ,-■ ■■- . du — , ..-_, 

Vl + cc-Vl-x a^Vl^^ 

SI. Find the differential coefficient of 

F(a;) = 8a^-3a^ — 5a7 

Ans. 32a?-9o^-5. 

22. Find the diiferenlial coefficient of 

Ans. 15x'' + Sa:% + &ax. 

23. Find the differential coefficient of 

Ans. 2{ax + af){a + 2x). 

24. Find the differential coefficient of 
Fix) = - 



Ans. 



Of Successive Differentials. 

37. It has been remarked (Art. 19), that the diiler- 
ential coefficient is generally a function of x. It may 
therefore be differentiated, and x may be regarded as the 
independent variable. A new differential coefficient may 
thus be obtained, which is called the second differential 
coefficient. 
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?. ?. 


r, ,, Sec, 


we shall have 







(tfC U^JJ U^f p 

dx dx dx ' 



But the differential of p is obtained by differentiating 

its valije -r-, regardinff the denominalor dx as coii- 
dx 

slant ; we therefore have 

and by siibstiloting for dp its value, we have 
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The notation d'^u, indicates that the function u has 
been differentiated twice, and is read, second differential 
of u. The denominator dai^ expresses the square of the 
differential of x, and not the differential of n^. It is 
read, differential square of x, or diiierential of x squared. 

If we differentiate the value of q, we have 

j/'dhi\ J dhi , 



and in the same manner we may find 



differential of u divided by dx cubed; and the difTer- 
ential coefficients which succeed it, are read in a similar 
manner. 

Hence, the successive differential coefficients are 

du _ d\ ____ dhi _ d*u _ - 

dx da;'^ ' dx^ ' dx* ' 

from which we see, that each differential coefficient is 
deduced from the one which precedes it, in the same 
way that the first is deduced from the primitive function. 
39. If we take a function of the form 
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e shall have for the first differential coefficient, 



If we now consider n, a, and dx, as constant, 
shall have for the second differential coefficient 



and for the third, 



£=„(„-.)(„-2)» 



and for the fourth, 



It is plain, that when ji is a positive whole number, the 
function 



will have n differential coefficients. For, when n dif- 
ferentiations shall have been made, the exponent of a; in 
the second member will be ; hence, the nth differential 
coefficient will be constant, and the succeeding ones will 
he equal to 0. Thus, 

d''u 
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Taylor's Theorem. 

40. Taylor's Theohem explains the method of de- 
veloping into a series any function of the sum or difference 
of two variables that are independent of each other, ac- 
cording to the ascending powers of one of ihem. 

41. Before giving the demonstration of this theorem, 
it will be necessary to prove a principle on which it de- 
pends, viz : if we have a function of the sum or difference 
of two variables 

the differential coefficient will be the same if we suppose x 
to vary and y to remain constant, as when we suppose y 
to vary and x to remain constant. 

For, make x^y — z: 

we shall then have 

, du 

and ~, — = p. 

dz -^ 

If we suppose y to remain constant and x to vary, 
we have 

dz = dx, 

and if we suppose ce to remain constant and )/ to vary, 
we have 

dz = dy. 

But since the differential coefficient p is independent 
of dz' (Art. 15), it will have the same value whether, 

dz = dx, or, dz = dy. 
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To illustrate this principle by a particular example, let 
us take 

u = {x + yr. 

If we suppose x to vary and y to remain constant, 
we find 

du _ 
dx 



- = n{x + yy" 



and if we suppose y to vary and x to remain constant, 
we find 

the same as under the first supposition. 
42. It is evident that the 

inust be expressed in terms of the two variables x and y, 
and of the constants which enter into the function. 
Let us then assume 

/{a: + y)^A+Bf+Cy' + Dy' + ,&:c., 

invih 1 tl t n J ording to the ascend- 
ing p w i y 1 h l i B, C, D, &c., are inde- 
pend t f ^ b t f f and dependant on all 
the t t 1 h t th p litive function. It is 
now 1 1 1 fi 1 1 1 f the exponents a, h, c, 
&c,, d tl ffi t 4. B C D, &c., as shall ren- 
der tl d I pn t 1 f 11 possible values which 
may 1 tt I t 1 1 d / 
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In the first place, there can be no negative exponents. 
For, if any term were of the form 



and making y = 0, this term would become infinite, and 
we should have 

which is absurd, since function of a", which is independent 
of y, does not necessarily become infinite when y = Q. 

The first term A, of the development, is the value 
which the primitive fuDCtion assumes when we make 
y~Q. If we designate this value by u, we shall have 

/w=,,. 

If we make 

/(i + y) = < 

and differentiate, under the supposition that x varies and y 
remains constant, we siiall have 



and if we differentiate, regarding y 5.s a. variable and x 
as constant, we shall find 

^^oBf-' + 6Cy-' + cDf' +, &c. : 

But these differential coefficients are equal to each other 
(Art. 41); hence, the second members of the equations 
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are equal, and since the coefficients of the series are 
independent of y, and the equality exists whatever be the 
vaJue of y, it follows that tlie corresponding terms in each 
■series will contain like powers of y, and that the coef- 
ficients of y in these terms wiU be equal (Alg. Art. 244). 
Hence, 

a-l = 0, h-\ = a, c-l=b, &c., 
and consequently 

ffl=l, h = 2, c^3, &c.; 

and comparing the coefficients, we find 

B-— C^~—— D=—— 
dx ' 2 dx 3 dx 

And since we have made 

f{x) = A^u, and f{^ + y) = u', 

we shall have 



D- 



" dx' 1.2dx^' 1.2. Sdx^' 

and consequently, 

43. This theorem gives the following development for 
the function 

u'={x + yy, 

_ „ du _ , cF« 
~ ' dx ~ ' da? ' 



= n{n-l)x''-\ &c.: 
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hence. 



1.2.3 

44. The theorem of Taylor may also be applied to the 
development of the second state of any function of the 
form 

when X receives an arbitrary increment k, and becomes 
a; + h. For, if wc substilute h for y, wo have 



dx dx' \ .'Z dx' 1.2.3"* 



w 1.2 ■^dr'i.a.a^ 

Now, it is plain that h may be made so small that the 

shall be less than any assignable quanlily, and consc- 

eequently less than — . Then, for any value of h slill 

smaller, we shall also have 

du ^ liPu 1 d^u h \ 

dx '^Kd^T.'W'^d^T:^:^^'^'^-]' 

or, if we mnltiply both sides of the iiiequahly by It, we 

shall have 
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TJ dx' 1.2 ^ 5^Tr273 "■■' **^'.' 

that is, when a series is expressed in the a 
powei-s of a variable, so small a value may be assigned 
to that vaiiable as shall render tlie first term of the series 
greater than the sum of all the other terms, and this tn- 
equality will increase for all values of the variable which 
are still less. Under such a supposition the sign of the 
series will depend on that of its first term. 

45. Remark. The theorem of Taylor has been demor 
Strated under the supposition that the form of the function 

.'=/(=.+ ?), 

is independent of the parlicitlar values which may be 
attribuled to either of the variables x or ij. Hence, when 
we make y = 0, and oblain 

.=/(x), 
ihis function of a: ought to preserve the same form as 
f{a: 4- y) ; else there would be values of x in one of the 
functions, 

«'=/(«+y), u =/{:,), 

which would noi be found in the other, and consequently 
some of the values of (s would be made lo disappear 
when a particular value is assigned to y, which is entire- 
ly contrary to the supposition. 
If the function be of the form 

n' = b+ V^ xJf-y, 
we shall have 

u = b + Vb"^^ 
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If we now make a: — a, we shall haye 
u' — b+ "/y^ and u = h, 

in which we see, that u' and u are expressed under dif- 
fcrent forms; and hence, the particular Valae of y — 
changes the form of the function, which is contrary to the 
hypothesis of Taylor's theorem. When, therefore, the 
function 

shall change its form by attributing particular values to 
X or y, the development cannot be made by Taylor's 
theorem, for such particular values, 

46. The particular supposition which changes the form 
of the function will, in general, render the dificrcntial 
coefficients in the development equal to infinity. 

If we have 



■vr-i 



2(/+«)7 



A 


\ 




1 . 3 


"-" 2X2: 

&c. 
,icli all tfle coefficients A\ 
we make as = -f. 


&c. 
■ill become equal to infinity 
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3 have a function of the, form 



in whicb n is a whole number, all tlie differential coeffi- 
cients of u, for iv=a will become infinite. Foi, we have 



hence, 



du 1 1 



(«-:.) " 



d^u _ {-j-n) 1 

ds^ '^ n'- ^^ 

{a — x\ 



all of which become infinite when wo make x=^a. 
Madaurin^s Tlieorem. 

49. Maclauetn's Theorem explains the method of 
developing into a series any function of a single variable 
Let ns suppose llie fnnction to be of the form 

«=/w. 

It is plain that the value of fife) must be expressed in 
terms of x, and of the constants which enter into f{x). 
Let us therefore assume 

u = A-^Bx''+Cx'' + Dx'^, &c., 

in which the terms are arranged according to the ascend- 
mg powers of x, and in which A, B, C, D, &c., are 
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independent of x, and dependent on the constants which 
enter into f{x). 

It is now required to find such values for the exponents 
a, h, c, &c., and the coefficients A, B, C, D, &c., as 
shall render the development true for all possible values 
which may be attributed to x. 

If we make a; — 0, m takes that value which the /{x) 
assumes under this supposition, and if we designate that 
value by TI we shall have 

U =A. 

The first differential coefHcient is 

and since this does not necessarily become when we 
malie a: — 0, it follows that there must be one term in llie 
second member of the form x" : hence, 

c-lzzrO, or a = \; 

and makinff x — G, we have 



The second dilferenlial coefficient is 

g ^ &(i - 1) C^'-= + c{c-l)Dcif-' + lVc, ; 

but since the second differential coefficient does not iicces 
sarily become 0, when a^ = 0, we have 

h~2 = Q, or h = 2: 



Hcssdb, Google 



S2 ELEMENTS OF THE 

riBiice, by uialdng ie^=0, we have 

^^2C, or C = -^_=- 

We may prove in a similar manner that 

. „ dhi 1 U'" 

c = 3 and D ~ -^-r, , = 

dx^ 1,2.3 1.3.3 

Having designated by U what the function becomes 
when we malie x=0, and by JJ', JJ" , JJ'", &c., what 
the successive differential coefficients become under the 
same supposition, we shall have 

49. The theorem of Maclaurin may be deduced imme- 
diately from that of Taylor. 
In the development 



du d'^u y^ 



tJie coefficients u, -^^, ^-5, &c., 
ax dx'' 

are functions of ar, and also dependent on llie constants 
which enter into f{x + y). 

If we make x~0, the /{x + y) becomes f{y), anj 
each of the differentia! coefficients being thus made inde 
pendent of x, will depend only on the constants whicl 
enter into f{x-\-y\ and which also enter into f{y) 
Hence, if we designate by 

17, V, V", U", XJ"", &c., 



Hcssdb, Google 



DIFFEHENTIAL CALCULUS. 



the values ivhich the coefEcients 
hypothesis, we shall have 



50. If we talte a function of the form 

» = («+»!)■, 



g = »(»-I)(.+.)-., 



&c. — &c. 

which become, when we make (e = 0, 

U^a", U' = m"-\ U" = n{n-l)a"~\ &;c.; 
hence, 

'^3? + &c. 

51. Remar?! 1. The theorem of Maclauiin has been 
demonstrated under the supposition that the /(x) reduces 
to a finite qiiantity when we make x = 0. The case, 
therefore, is excluded in which a; = renders the function 
infinite. Thus, if we have 

« = cot J-, w — cosec ar, or w — log x, 

and make a; = 0, we find w = oo ; hence, neither of these 
functions can be developed by the theorem of Maclaurin. 
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Remark 2. We have already seen (Art. 45.), that the 
theorem of Taylor does not apply to those cases in 
which the form of the function is changed by attributing 
a particular value to one of the variables : the theorem 
therefore fails for particular values, but is true for all 
others, and hence, the general development never fails. 

In the theorem of Maclaurin the failure arises from the 
form of the function ; hence, it is the general development 
which fails, and with it, all the particular cases. 

EXAMPLES. 



1. Develop into a 




2. Develop into a 

3. Develop into a series the function 

4. Develop into a series the function 
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CHAPTER III. 



Of Transcendental Functions. 
52. If we have an equation of llie form 



in which a is constant t s plain that u will be a function 
of X ; and if a be n ade tl e base of a system of logarithms, 
X will be the loga Eh n of the number u (Alg. Art, 257). 
When the vaiiible a d fu ction are thus related to each 
other, u is said to I c a exjo ential or logarithmic func- 
tion of X. (Art. 9). 

53. The functions expressed by the equations 

M = sin a?, w — cos x, u = tang x, u= cot x, &C., 

are called circular functions. 

The logarithmic and circular functions are generally 
called transcendental functions, because the relation be- 
tween the function and variable is not determined by tho 
ordinary operations of Algebra. 

Differentiation of Logarithmic Functions. 

54. Let us resume the function 
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If we give to x an increment h, we have 



and u' — u = a'*'' — a' ^ a' {^ —I). 

In order to develop o*, let us make «— 1 + 6, we shall 
then have 



„.^i,li + Mft:^)6.+ /.(/.-iKi- g,.^ 4„,_ 



-(I 



6 , (h-l)V , {h-\){h-2)b' , 



from which we see, that the coefficients of the first power 
of A will be 

Vl 2 3 /' 

replacing b by its value a — \, and passing to the liiml, 
we obtain 

(te dc V 1 2 3 ■/ 

or if we make. 



dx 
m which h is dependent on a. 
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The successive differential coefficients are readily found. 
For we have 



d(--r-) = da'lc = a'k^d 



&c. &o 



55. It is now proposed to find the relation which exists 
between a and k. For this purpose, let us employ the 
formula of Maclaurin, 



If in the function 

and the successive differential coefficients before found, 
we make a: = 0, we have 

U = \, U'^h, U"^k% U'"=k% &c.: 

hence, 
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designating by e the second member of the equation, and 
employing twelve termsjof the series, we shall find 



hence, a' = e, therefore a = e'. 

But, 3,7182818 is the base of the Naperian system of 
logarithms {Alg. Art. 272) ; hence, the constant quantity 
k is the Naperian logarithm of a. 

By resuming the result obtained in Ait. 54, 

da' = tfh dx, 

we sSe that the djffetpntial of a quantity ohtamed by 
laistng a constant to a powet denoted by a vanabJf ex- 
ponent, IS equal to the quantity itself into the Napenan 
logarithm of the constant, into the diffetential of the 
exponent. 

56. If now we take the logarithms, in any system, of 
both members of the equation 



= ka''dx — j~a''dx; 



or by recollecting that 

u~of, 
we have 
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or, if we regard x as the function, and u as the variable, 
we have (Art. 34), 

dx _le 1 

du la a"' 

I^et us now suppose a to be the base of a system of 
logarithms. We shall then have a; = tbe logarithm of 
u, la=l, and /e— the modulus of tbe system (Alg. 
Art. 373); and tbe equation will become 



that is, the differential of the logarithm of a quantity is 
equal to the modulus of the system into the differential of 
the quantity divided by the quantity itself. 

57. If we suppose a = e the base of the Naperian 
system, and employ the usual characteristic V to desig- 
nate the Naperian logarithm, we shall have 

that is, the differential oj the Naperian logarithm of a 
quantity is equal to the differential of the quantity divided 
by the quantity itself. 

The last property might have been deduced from the 
preceding article by observing that the modulus of the 
Naperian system is equal to unity. 

58. The theorem of Maclaurin affords an easy method 
of finding a logarithmic series from which a table of 
logarithms may be computed. If we have a function of 
the form, 

u = /(a:) — Isc, 
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we have already seen that the development cannot be 
made, since f(x) becomes infinite when ai — Q (Art. 51 .) 
But if we make 

t.= /M = i(l + <>;), 

the function will not become infinite when x — O; and 
hence the development may be made. 
The theorem of Maclaurin gives 

If we designate the modulus of the system of the loga- 
rithms by A, we shall have 



If we now make x—0, we have 

[7=0, U'=:A, U"=-A, U'" -. 2 A, &c. ; 
hence, 

'"+-)=^(--T+ir-T+T-*°-) 

This series is not sufficienlly converging, except in 
the case when a; is a very small fraction. To render the 
series more converging, substitute —a? for a?: wethenhave 
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aiid by subtracting the last series from the first, we obtain 
If we make 



1+x 



: 1 + — , we have x = , 



and by observing that 

we have 

l(n-\-z)-ln==2Ar^^-+—(^^]\~(^—)-\-S^'^.'?i 
^ ' 1®"+^' 'S\2n+zJ S,\2fi+zJ J 

from which we can find the logarithm of « + s when the 
logaiithm of n is linown. Tliis series is similar to that 
found in Algebra, Art. 270. 
If we make n=l, and 2 = 1, we have 11 =0, and 

'^ = ^^(1+3^+5^+ *•=■) 

If we make the modulus A = 1, the logarithm will be 
taken in the JVaperian system, and wc sliall have 

;'2 = 0.693147180, 
2/'2 = f4 = I.3S62!)4360; 
and by making z = 4, aud n=l, we have 

7'5- 1.60943791.% 
and ^'2 + l'-^ = ^'10 = 2.302585093. 
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If we now suppose the first logarithms to have been 
taken in the common system, of wliich the base is 10, we 
shall have, by recollecting, that the logarilliras of the ssmie 
ntimber talten in two different systems are to each other 
as their moduli (Alg. Art. 267), 

no : I'lO :: A : 1, 



whence, A ^ —^ ^ 0.434284482. 

' 2.30258509 

Remarh. To avoid the inconvenience of writing the 
modulus at each differentiation (Art. 56), the Napcrian 
logarithms are generally used in the calculus, and when 
we wish to pass to the common system, we have merely 
to multiply by the modulus of the common system. We 
may then omit the accent, and designate the Napcrian 
logarithm by I. 

59. Let us now apply these principles in differentiating 
logarithmic functions. 

1. Let us take the function u = l(— ,. . — ■ 1. 
Make s=^=^=, 

and we shall have du~ — ,. 

a?d 
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du= - 






2. Take the function u~l\ , ■ .■■■ r=~ = - - \ 

and make ■\/\--\-x-\- ■<J\—x=y, ■\/r+^~ V'l"~^=' 
wliicli gives 

u~l ( ~ ) — ^ — i^! and du = ~-~ — . 

But we have 
J dx 






dx 



_ zdx 

2V!^^' 



2 Vl +a^ 2 Vi ^x 2 Vl -a^ 

_ ydx 

Whence, 

dy dz _ zdx 

y 2 2yVl-x^ SsVl — a^ ' 

Sj/zVi — a^ ' 
and observing thai ^4- ^^~ ■! and i/z = 2a;, 



ydx 



we have 



(^M - 



a^Vl-ar'" 
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:ents of the 



w = z(fl._| Vn-a;^), 



jLV-l-i- Vl-x'), du 



Vl + a?' 
dx 



r V\ + ^ + x ^\ ^^ ^ da: 

r i/a + x-{- ~,/a~x\ adx 

u = L\ - I- ■■=■■■■- 7 , m(= 



60. Let us suppose that we liave a function of the form 

Make lx = z, and we have 

M — 2", du~nz"~^dz, 

and substituting for z and c?z ihcir values, 

d{lxy= — i — i dx. 

G] , Let us suppose lliat we liave 

Make Ix = z, and wc shdli liave, 
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62. The rules for tlie differentiation of logarithmic func- 
tions are advantageously applied in the differentiation of 
complicated exponential functions. 

1. Let us suppose that we h«ve a function of tlie form 



in which z and y are both variables. 
If we lake the logarithms of both members, we have 

lu = ylz ; 

dz 



hence, — — dylz ■ 



or by substituting for u its value 

du = dz^ = zHzdy + yz^~^dz. 

Hence, iliB differential of a function which is equal to 
a variable root raised to a power denoted by a variable 
exponent, is equal to the sum of the differentials which 
arise, by differentiating, first under the supposition 
that the root remains constant, and then under the sup 
position that the exponent remains constant (Arts. 55, 
and 32). 

3. Let the ftmction be of the form 



Make, b' = y, and we shall then have (Ait. 55), 

u = a", die — a^lady ; but dy — h'lbdx, 
hence, du^= (^b'lalbdx. 
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3. Let US take as a last example 



m which z, t, and s, are jariables. 
Make, t' — y, we shall then have 

u — z", du —z^lzdy -\- yz"'^ dz. 

But dy — t'ltds + st'~'dt; 

hence, du = z^lz{fltds + sf-''dt) + Vz^-^ dz, 

du = ^'f(ltlzds + 'J^+^). 

Differentiation of Circular Functions. 

63. Let us first find the differential of the sine of an 
arc. For this purpose we will assume the formulas (Trig. 
Art XIX), 

is& + sin&cosa 



a (c + 6) = 



R 

acosi— ■ sin& 



If we subtract the second equation from the first, 

. , , ,. . , ,, 2sin6cosa 
sm \a-\-o)~ sm \a-—b)~ = . 

and if we make a + 6 = « + A, and a — h = x, we shall 
have 

2 sin — hco%{x-\--—h\ 
sin {x + li) — sinic = ~ — , 
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and dividing both members fay h. 



sill (a! + 7j) — 



hR 
sin— A cos(x-^—h\ 



R 



If we now pass to the limit, the second factor of the 
second member of tlie equation will become ■ . 

sm— A 
3 
In relation to the first factor • . - - its limit will be unity. 

¥» 

T, Rsma . sin a cos a 

lor, tanff«=:— -, whence ■ — — = ■ ■ 

cosa tanga R 

Now, since an arc is greater than its sine and less than. 



v/ 



* The ai-c DB is greater than a straight Une 
drawn frorn D to B, and coiisequentlj greater 
than the sine DE&SAvm perpendicular to .SB. y'' 

Thn area of the sector ^BD is equal to / 

~ABX BD, and the area of the triangle ^B C --^ 



iiequalto -^BXBC. But the sector is less -^ ^ B 

than the triangle bang contained within it : hence, 

-JIBXSD <--aB X BC, 
consequently, BO <" BC. 
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hence, the ratio of tlic sine divided by the arc is nearer 
unity than that of the sine divided by the tangent. But 
when we pass to the limit, by making the arc equal to 0, 
the sine divided by the tangent being eqnal to the cosine 
divided by the radius, is equal to unity : hence the limit 
of the ratio of the sine and arc, is unity. 

When therefore we pass to the limit by making A = 0, 
we find 

dsinx cosa^ 



hence, 



R 



64. Having found the differential of the sine, the dif 
rentials of the other functions of the arc are readily c 
duced from it. 

cos3;~sin(90° —x), dcoscc = ds\u{90° — x), 

and. by the last article, 

dsin(90°-iB) = 



-— cos(900— i»)da;: 



hence, i^cosa^=— — d~'' 

the diiferential of the cosine in terms of the arc beii , 
segative, as it should be, since the cosine and arc aje 
lecreasing functions of each other (Art. 31.) 
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65. Sinte ibe versed sine of an arc is equal to radius 
minus the cosme, we have 



ti l«,lg :., -= 


cos^a^ 




(cos^a;+ sm^x)da: _ 




cos^a^ ' 


but 


cos^a; + sin^j7 = R^ : 


hencfi, 




67. Since 


cot (t = — ■ — - , we have 
tanga^ 


d COiX: 


RHlmgx_ R'dce 


~ Xsngx tang^a^ cos^fl^ ' 


tat, 


^ , R^ s\v?x 



which is negative, as it should be, since the cotangent is a 
decreasing function of the arc. 
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a sec a; ~ z = r 



, K sin a; , R^ 

but, = tang 37, and - — — = secar 

cosce cos a; 



seca; tangxdx 



69. Since coseca! = -^ — — , we have 
sin a; 

RU smx R c 









sinV 




sin^a: 


nee, d coseca^— — 


coseo. 


•: cotwdx 



10. If we make R-l, Arts. 63, 64, 65, 66, 67, 
will give, 



(ism«i=cosa!(ii! 


m, 


dcosx='- siuxdx 


C2), 


dmTtm!D=sinaidx 


(3), 


. in 
a taiiga; = — j— 


(4), 


sixrx 


(5). 



The differential values of the secant and cosecant are 
omitted, being of httle practical use. 

71. In treating the circular functions, it is found to be 
most convenient to regard the arc as the fonctioii, and the 
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sine, cosine, versed-sine, tangent, or cotangent, as 
variable. If we designate the variable by u, we i 
have in (Art. 63) sin x — u, and 

, Rdu Rdu 





cos^ Vr^_w^ 


If we make c( 


^sic-u, we have (Art. 64), 


dx = 


Rdu Rdu 


If we make ve 


T-sina; = u, we have (Art, 65), 




Rdu 
dx — —. . 



But, sina;= -/Ji*^ cos'^a?, and cosa7=jR— m, 

therefore, cos^a? = I^~~ 2Ru + M^> 



hence, siiiiE= VzRu — u^, 

Rdu 



and consequently, dx = 



V2Ru-u^> 
If we make tang w — u, we have (Art, 66) 
, cos^ccdu 



R^ sec^a; /i^ + tang^o;' 



R'd'ii 



Ho,-.db, Google 



72 ELEMENTS OF THE 

Now, if we make ii — I, the four last formulas 
become 

, du , du 

dx= — :;. dx= ■■ , , 

J _ du , _ du ^ 

and these formulas being of frequent use, should be care- 
fully committed to memory. 

73. The following notation has recently been introduced 
into the differential calculus, and it enables us to designate 
an arc by means of its functions. 

sin~'!( — the arc of which u is the sine, 
cos-'!t — the arc of which u is the cosine, 
lang-^w— the arc of which u is the tangent, 
&c. &c. &c. 

If, for example, we have 

(e = sin~'«, then, dm = —■ ■ . 

73. We shall now add a few examples. 
1. Let us take a function of the form 



Make cosa;=:^, and sina; = y; 

then, u = z^, and (Art. 62); 

du — z^ Izdij + yz^~^dz: 
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also, dz~ —sinxdx, and dy — cosxda- 

hence, dit = z^\lzdy + -^d!i\ 

= CQsaf""{lcosxco%3J Ma:. 

2. Differentiate the function 

, mdu 

X = sin ?nu, ax = 



■y/l—m^u? 

3. Differentiate tlie function 

x = cos~^\uyi —u'j 
^„^ i--i+2u^)du 

4. Differentiate the function 

_, u J 2du 

3; = tans — , dx = - — — -. 

° 3 4 + M^ 

5. Differentiate the function 

■ 1 / I -A 7 ^du 

6. Differentiate ihe function 

, x , ydm — xdy 

M = lang — , du — - — :r — ~-^. 

^ y if-\-af 

74. We are enabled by means of Maclaurin's theorem 
and the differentials of the circular functions, to find the 
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valueiof ihe principal functions of an arc in icims of the 
arc itself. 

Let M— /(ic)-sinaj: then, 



If we now render the differential coefficients independenl 
of X, hy making x = 0, we have (Art. 49), 

U= 0, U' ^ I, V" = 0, TJ"> = -\, 
r — &:c. 



75, To develop the cosine in terms of the arc, make 
» = /M=co,«,; then, 

-—= — sma?, -r-^= — cosa;, -— - = sina:, 
ax oar ax 

d^u (Ihl 

-r-r = cosa7, --— -=— sina;, 
daf^ dx' 

and rendering the coefficients independent of x, we have 

V= I, U= 0, W^- 1, V"'=% 
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The last two formulas are very convenient in calculating 
the trigonometrical tables, and when the arc is small the 
series will converge rapidly. Having found the sine and 
cosine, the other functions of the arc may readily be 
calculated from them. 

76. In the two last series we have found the values of 
the functions, sine and cosine, in terms of the arc. We 
may, if we please, find the value of the arc in terms of 
any of its functions. 

77. The differential coefficient of the arc in terms of 
its sine, is (Art. 71), 

developing by the binomial formula, we find 



In passing from the function to the differential coeffi- 
cient, the exponent of the variable in each term which 
contains it, is diminished by unity ; and hence, the series 
virhich expresses the vidue of x in terms of u, will contain 
the uneven powers of u, or will be of the form 

x — Au + Bu^+Cw' + Du''+ Sec; 

and the differential coefficient is 
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But since the differential coefficientB are equal to each 
other, we find, by comparing the series, 



hence, 



3 2.4.5 3.4.6.7 



If we take the arc of 30°, of which the sine is 
(Trig. Art. XV), we shall have 



-; -\ '- i -1 -^ :r- + &C. , 

■^ " 1.5.2^ 2.4.6.7.2' 



and by muhiplying both members of the equation by 6, 
we obtain the length of the semi-circumference to the 
radius unity. 

78. To express the arc tn terms of its tangent, we have 
(Alt. 71), 

(ic 1 

which gives 

dx -, 2,4 B I B 

—- = 1 — w' + M* — w" -f- &:c.: 
heiice the function x must be of the form 

x = Au + Bu^+ Cu^ + Du', 
and consequently 
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and by comparing the series, and substituting lor A, B, C, 
Si-C, their values, we find 



If we make a;:=45°, u will be equal to 1 ; hence, 
arc45"=I-iH-i--i+&c. 

But this series is not sufficiently convergent to be used 
for computing the. value of the arc. To iind the value 
of the arc in a more converging aeries, we employ the 
following property of two arcs, viz. ; 

Four times the arc whose tangent is —, exceeds the 



* Let a represent the a 
XXVI), 



The last numlier being greater tliaii unity, shows that the 
ceeds 45°. Making 

the difference, 4a—45''=^—B = b, mil have for its tang 

hence, four limes the ere whose tangent is — , exceed} the arc 
arc whose tangent is — — . 
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_ I 

'~ 5 


""3 


1 

.5= 


-a^^ 


1 

"7.5 


+ &c. 


1 


i + 







1 


-+&C 



tang- — 



239 239 3(239f 5(239)= 7(239)' 



'I 



\5 3.5^ 5.5* 7.7' 
\239 3(239 



3(239)^ 5(239)* 7(239)' /J 
Multiplying by 4, we find the semi-circumference 
= 3.141592653. 
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CHAPTER IV. 

Development of any Function of two Variables 
— Differential of a Function of any number 
of Variables — Implicit Functions — Differential 
Equations of Curves— Of Vanishing Fractions. 

79. We have explained in Taylor's theorem the method 
of developing into a series any function of the sum or dif- 
ference of two variables. 

We now propose to give a general theorem of which 
that is a particular case, yIz : 

To develop into a series any function of tvjo or more 
variables, when each shall have received an increment, 
and to find the differential of the function. 

80, Before making the development it will be necessary 
to explain a notation which has not yet been used. 

If we have a function of two variables, as 
u =f{x, y), 
we may suppose one to remain constant, and differentiate 
the function with respect to the other. 

Thus, if we suppose y to rSmain constant, and x Xo 
vary, the differential coeiEcient will be 

|=/fey); (1). 
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and if we suppose x to remain constant and !/ to vary, 
the differential coefficient will be 

The differential coefficients which are obtained under 
these suppositions, are called partial differential coef- 
ficients. The first is the partial differential coefficient 
with respect to x, and the second with respect to y. 

81. If we multiply both members of equation (1) by 
dx, and both members of equation (2) by dy, we obtain 

~ dx=f{a:,y)dx, and -^dy i= f"{x,y)dy. 

The expressions, 

du , du -, 

-T-dx, -i-dy, 

dx dy 

are called partial differentials; the first a partial diffe- 
rential with respect to x, and the second a partial diffe- 
rential with respect to y : hence, 

A partial differential coefficient is the differential co- 
efficient of a function of two or. more variables, under 
the supposition that only one of them has cJutnged its 
value : and, 

A partial differential is the differential of a function 
of two or more variables, under the supposition that only 
one of them luts changed its value. 

82. If we differentiate equation (1) under the suppo- 
sition that X remains constant and y varies, wo shall have 

<S)=/"'(.,.), 

dy 
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mi since 


X and dx are constant 




Kih'-^- 


which we 


designate by 

d'u 



The iirst member of this equation expresses that the 
fimction u has been differentiated twice, once with respect 
to sc, and once with respect to y. 

If we diiferemiate agnin, regarding a: as the variable, 
we obtain 

^■| =/"(.,,,), 

which expresses that tlie function has been differentiated 
twice with respect to x and once with respect to p. And 
generally 

indicates that the function u has been differentiated n + m 
times, n times with respect to x, and m times with respect 
to y. 

S3. Resuming the function 

u= f{x,y), 

if we suppose y to remain constant, and give to a: an arbi- 
trary increment h, we sliall have from the theorem of Taylor, 
., , , dull , d\i h^ '^^" ''^ 
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dx' da?' dy?' 

are functions of x and y, and dependent on the constants 
which enter the f{cc,y). 

If we now attribute to y an increment A, the function 
u, which depends on y, will become 

, du, , dhi k^ , d^u h^ , , 

"+ 5* + 3/175 +-iy 1:2:3 +*"'•• 

and the function -=- will become 
da: 

du ^u k dhi A° d*u ^ , 

dx dxdy 1 dxdy^ 1,2 dxdy^ 1.2.3 '' 



d?u d?u k d?u k^ dhi k^ « 

d? d^T dx'dy^ 1:2 dc^dy^ 1.S.3 '^■' 

— ^■— , will become 



^d^y~'^ da^dy^ 1.2''' rfa^.?^^ 1.2.3 
&c. &c. &c. &c. 

Substituting these values in the development of 

/(-. + *, y). 
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and arranging the terms, we have 

duh d?u hit (fu Ills' . 

, ipu h' , dhl h'k , . 
■•" daf l.ii*'ih?dy La"*" ' 

, <f» h' , , 
+ fc' l.g.3 + ^°'- 

which is the general development of a function of two 
variables, when each has received an increment, in ternas 
of the increments and differential coefEicients. 

84. If we transpose u =f{x, y') into the first member, 
and apply the result of Art. 19 to a function of two vari- 
ables, we find 

■i[My)] = <i'' = £"!"= + 5~'iy- 

The diiferential of f{x, y) — du, which is obtained under 
the supposition that hoth the variables have changed their 
values, is called the total differential of the function, 

85. If we have a function of three variables, as 

and suppose one of them, as z, to remain constant, and 
increments h and k to be attributed to the other two, the 
development of / (a? + A, y + fc, z) will be of the same 
form as the development of f{x-\-Ji,y + !<)•, but u and 
all the differential coefEicients will be functions of s. 
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If then an increment I be attributed to z, tbeie will be 
four terms of the development of the form 

du, du, du, 

u, T-rt, -T-Zc, -yl. 
ax dy dz 

If u were a function of four variables, aa 

u = f{x, y, z, s), 

there would be five terms of the form 

du, du, du, du 

' dx ' dy ' dz ' ds ' 

and a new variable introduced into the function, would 
introduce a term containing the first power of its increment 
into the development. 

If we transpose u into the first member, and make the 
same supposition as in the last article, we shall have 
du du du 
dUi':, y, «^)] = ^^dx + j^dy + jji, 

and, for like reasons, 

, r. ,1 f'" , du ^ , du , du 

iUi". y, ', •1\ = ji' + ^fy + jdz + jjA, 

from which we may conclude that, the total differential 
of a function of any number of variables is equal to the 
sum of the partial differentials. 

86. The rule demonstrated in the last article is alone 
sufficient for the differentiation of every algebraic function 

1. Let u = i)^ + i^ — z ; then 

■^dx — ^xdx, 1st partial differential ; 
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86 




du, 
dy 


= 3fdy^ 


, 2d partial differential ; 




du, 
-=-dz 
dz 


= -dz, 


3d 


" 


hence, 


du 


= 2xdx 4- iifdy — dz. 




2. Let 


u = 


xy ; then, 








s- 


:ydx, 








^= 


:^dy: 




hence, 




ii!i = 


■.ydce + ccdy. 




3. Let 


u 


du, 
dx 


then, 
maf-'y"dx, 








du. 


.ny-'^dy: 


hence, 


du = mar 


-'fdx + nf- 


'o^dy = af~^if~ 


''{mydx + n3:dy) 


4. Let 


u 


y ' 

du, 
dx 

du, 
5' 


tlieu, 

y' 

xdif 




hence, 




du 


ydx — xdy 
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ayxdx 



ady o-y^dy 

ayxdx — at^dy 







(«> + »•)' 


6. L«t 




u — xyzt; then, 




i 


= ys^tJc +a;z;i^y + icyiifz + xyzdt. 


7. Let 




u = z^; then, 

pdy = zHsdy {Art. 55), 

^da! = yz''~'dz (Art.32) 
dw = z^lzdy + yz^'^dz. 



Remark. In. chapter II, the functions were supposed 
to depend on a common variable, and the differentials were 
obtained under this supposition. We now see that the dif 
ferentials are obtained in the same manner, when the func- 
tions are independent of each other, and unconnected with 
a common variable, 

87. We have seen (Art. 39), that a function of a single 
variable has but one differential coefficient cf the first 
order, one of the second, one of the third, &c. ; while » 
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function of two variables has two differential coefiieienta 
of the first order, a function of three variables, three ; a 
function of four variables, four ; &c. 

It is now proposed to find the successive differentials 
of a function of two vai'iables, and also the successive 
differential coefficients. 

We have already found 



Ad.) = d{£d::+^ds); 



are functions of je and y, the 

differentials -^dx, -r-dy, must each be differentiated 

ax ay ^ 
with respect to both of the variables ; rfa; and Ay being 
supposed constant ; hence, 

and \dy ^/ '~ dy^ ^ dydx ^ ' 

hence we have 

d^ = -^-^ds^ + 2-r^-dxdy-\- -j-^dy'. 
da? dxdy ■' dy^ 

If we- differentiate again, we have 

.(dhi 






^l^d^'^-^d^' 



d(2-^d:.dy) = 2-^da^dy + %^.dxdy\ 
^ dxay J d^dy ^ dxdf 
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<P& 


dfdx 


iiy"rfi+' 


consequently, 







d'u , , 



liar Bar ay (ia;fl!/'' "^ dy^ 

It is very easy to find the subsequent differentials, by 
observing the analogy between the partial differentials and 
the terms of the development of a binomial. 

We also see that, a function of two variables has two 
partial differential coefficients of the first order, three of 
the second, four of the third, &c. 

88. There are several important results which may be 
deduced from the general development of the function of 
two variables (Art. 83). 

1st. If we make ic = 0, and y~0, u and each of 
the differential coefficients .will become constant, and we 
shall have 

+ &:o., 

which is tlie development of any function of two variables 
in terms of their ascending powers, and coefficients which 
are dependent on the constants that enter the primitive 
function. 

2d. If, in the general development, we make y = 0,, and 
k — 0, we shall have 
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which is the tlieorem of Taylor. 

3d. If we make y ~ 0, A = 0, and x = 0, we have 



dx i (ic'i.a dx^ 1.2.3 
or, /(A) = i7+[/'ft + tf"^ + f/--^,+,&c.; 
which is the tlicomm of Maclaurin. 

Implicit Functions. 

89. When the relation between a function and its 
variable is expressed by an equation of the form 

in which y is entirely disengaged from x, y has been 
called an einplicit, or expressed function of x (Ait. 6). 
When y and x are connected together by an equation of 
the form 

/(».y) = o, 

y has been called an impUcii, or implied function of x 
(Art. 6.) 

It is plain, that in every equation of the form 

y must he a function of w, and ai of y. For, if the 
equation were resolved with respect to either of them, the 
value found would be expressed in terms of the other 
valuable and constant quantities. 
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90. If in the equation 

we suppose the variables ic and y to change their values 
in succession, any change either in x or y, will produce a 
change in u : hence, m is a function of x and y when 
they vajy in succession. The value, however, which u 
assumes, when x oi y varies, will reduce to when 
such a value is attributed to the other variable as will 
satisfy the equation 

We have from Art. 83, 

f{x + h, y~\-k)~u = -J~-T+ terms containing k\ 

du 

■-j-h + terms contammg h', 

plus other terms containing kh, and the higher powers of 
k and k. 
But, since y is a function of x, we have 
k=Ph+P'h% 
in which P is the differential coefficient of y regarded aa 
a function of x. Substituting this value of k, and we 
have 

h terms containing li', 

-j-h + terms containing k\ 
plus other terms containing the higher powers of h. 
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But, in consequence of the relation between y and x, 
the first member of the equation will be constanlly equal 
to 0. Hence, by the law of indeternainate coefficients 
(Alg., Art. 244), 

\Ay dxl ~" ' 



hence, 



dx 






dy 
Hence, the differential coefficient of y regarded as a 
function ofx,is equal to the ratio of the partial differen- 
tial coefficients of u regarded as a function of x, and u 
regarded as a function ofy, tajcen vnth a contrary sign. 
Let us take, as an example, the equation 

f{x,y) = x^ + y-^-m = u = 0; 

du , da 

then, 5j=a, md ^=2y: 

du 

Tx X _dy 

lence, 1 — — — — . 

' du y dx 

dy 
Although the differential coefficient of the first order is 
generally expressed in terms of x and y, yet y may be 
eliminated by means of the equation f{x,y') = 0, and the 
coefficient treated as a function of x alone. In the above 
equation we have 



-vw- 



Ho,-.db, Google 



93 ELEMENTS OF THE 

, dy X 

hence, i-—-— , -^ - 

dx VK'-a^ 

92. If it be requirud to find the second ditfcientul 
coeiEcient, we have merely to diffeientiate the first diffe- 
rential coefficient, regiided as a function of -c, and divide 
the result by dx. Thu^), if we dcMgnite the first diffe 
rectial coefficient by p, the iccond Lv </, the third by 
r, &c., we shall haie 

4 = j, |2 = r, &c. 

dx ax 

93. To find the second differential coefficient in the 
equation of the circle, we have 

rfji _ cc 
dai y' 

, (dy\ _ — ydx + xdy _ 
\dxJ y^ 

, ^y 

^y + x-f- 

hence, -^ = --^ ' 

dx' y^ 



and by substituting for ~ its value — — , 



d'y_ «? + ,/> 




1. Find the first ditferential coefficient of y, ii 


n til 


equation 




y"-2>»:ry + ^-a> = »=0, 




du i, 1 O '^'' O O 
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dx L 2y — 2wi3?J y — mx 

2. Find the first differential coefBcient of y in the 
equation 

^ + 2a;'j + x'^ — a^ — 0. 

3. Find the first and second differential coefficients of y, 
in the equation 

y^~3axi/ + s^ — 0, 

^ = 3^-3™, ^ = 3y^-3«a., 

dec ^ dy ^ 

I dv iia?~^ayay — a? 

hence, _i~-_ — -=--t ■ 

ax 3y^~3ax t/^ — ate 

For the second differential coefficient, we have 

or, by substituting for -^ its value, and reducing, 

(f y _ 2x1/ — Qm^if + 2yal^ + 2 Ay 
dor' ~ {y^-axf 

__ 2xy{y' — 3 axy -\-x')-\- 2d?xy 

but &om the given equation 

■i^—Saxy -\ra? = Q. 

d^y __ 2 Ay 

'" dx' {y'^—axf 
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Differential Equations of Curves. 

94. The Differential Calculus enables us to free an 
equation of its constants, and to find a new equation which 
shall only involve the variables and their differentials. 

If, for example, we take the equation of a straight line 

and differentiate it, we find 

dy _ 
dx 

and by differentiating again. 

The last equation is entirely independent of the values 
of a and h, and hence, is equally applicable to every 
straight line which can be drawn in the plane of the co- 
ordinate axes. It is called, the differential equation of 
lines of the first order. 

95. If we take the equation of the circle 

x-' + ,/ = S', 
and differentiate it, we find 

xdx + ydy = 0. 

This equation is independent of the value of the radius 
Jt, and hence it belongs equally to every circle whose 
centre is at the origin of co-ordinates. 



Hcssdb, Google 



DIFFERENTIAL CALCTFLUS. 95 

96. If the origin of co-ordinates be taken in the circum- 
ference, the equation of the circle (An. Geom. Bk. Ill, 
Prop. I, Sch. 3) is 

f = %Rx-x'; 
from which we find 

X 

and hy differentiating, 








or by reducing 

{!^-'if)dx-\- 2x1/ dy = 0, 

which is the differential equation of the circle when the 
origin of co-ordinates is in the circumference. 

The last equation may be found in another manner. 

If we diiferentiate the equation of the circle, 

f^2Rx-a?, 
we have, after dividing by 2 

ydy — Rdx — xdx ; 



hence, R — 



ydy -I- xdx 
dx 



If this value of R be substituted in the equation of the 
circle, we have 

(p?-^y'^)dx + 'ixydy = Q\ 
tlie same differential equation as found by the first method. 
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97. If we lake the general equation of lines of the 
second order (An. Geom. Bk. VI. Prop. XII, Sch. 3), 

%^ — mm + n^, 

and differentiate if, we find 

lydy =^ mdx -\- 2nxdai ; 

differentiating again, regarding dx as constant, we have, 
after dividing by 2, 

dy^ + yd?y = nda?. 
Eliminating m and n from the three equations, we obtain 
y'dx-^ -|- x^di/ ~2xt/dxdy + yx'd^y — 0, 

which is the general differential equation of lines of the 
second order. 

98 In Older to frpi„ ■in eqmtion of if- ci n'!tint=i, it will 
be necesiarj to diffcrtntiite it as many times as there are 
constants to be eliminated For, two equations are neces- 
sary to eliminate a single constant, thiee to tbmmale two 
constants, four to eliminate three constants, &c hence, 
one constant may be eliminated from the given equation 
and the first diflerential equition , two from the given equa- 
tion and the first and second differential equations, &c. 

99 The differential equation which is obtained after the 
constants are eliminated, belongs to a ipecies or order of 
hnes, of which the given equation represents rne of th 
species 

Thuh, ihc diff(.rential equation ( irt 94), 
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belongs to an order or species of lines of which the 
equation 

represents a single one, for given values of a and b. 
The equation of a parabola is 

y^ — 2pce, 

and the differential equation of the species is 

2 xdy — ydx = 0, or dy^ + y^y = 0, 

100. The differential equation of a species, expresses 
the law by which the variable co-ordinates change their 
values ; and this equation ought, therefore, to be indepen- 
dent of the constants which determine the magnitude, and 
not the nature of the curve, 

101. The terms of an equation may be freed from their 
exponents, by differentiating the equation and then com- 
bining the differential and given equations. 

Suppose, for example, 

P and Q being any functions of m and y. 
By differentiating, we obtain 

nF'-'dP = dQ: 
by multiplymg both members by P, we have 

nP"dP ^ PdQ, 
and by substituting for P" its value, 

nQdP=PdQ. 
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The same result might also have been obtained by 
taking the logarithms of both members of the equation 



For, we have 
and (Art. 57). 



dP _dQ^ 



hence, nQdP = PdQ. 

Of Vanishing Fractions, or those which take the 

form —. 
■^ 

^02. It has been shown. in (Alg. An. Ill), that -, 
though a symbol of an undetermined quantity, may, under 
particular suppositions, become equal to 0, to a finite 
quantity, or to infinity- 

This symbol arises from the presence of a common 
factor in the numerator and denominator, which, becom- 
ing for a particular value of the variable, reduces the 

fraction to the form -. 


If we have, for example, a fraction of the form 

in which P and Q are functions of «, which do not re- 
duce to 0, for jc = B, we have 

Q(j:-«)--0- 
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The value of this fraction will, however, be 0, finite a 
IDfimte, according as 



for under these supposifions, respectively, it takes tlie form 

Q ' Q'. Q{co~aT—- 

Let the numerator of the proposed fraction be desig- 
nated by X, and the denominator by ^, and let us sup- 
pose an arbitrary increment A to be given to w. The 
numerator and denominator will then become a function 
oi x + h, and we shall have from .the theorem of Taylor 



^ dx 1 "^ c/a^M.2 (ie= 1.2.3 



- (fee. 



If the value of x = a, reduces to the differential 
coefficients in the numerator as far as the with order, and 
those of the denominator as far as the nth order, the value 
of the fraction will become, 

drX A" 



daf l.S.3.4... 



-+ &c., 



d"X{ 



If we make h = Q, the value of the fraction will be- 
come 0, finite, or infinite according as 

m'>n, m = n, m<C_n, 

and hence, if the value x = a, reduces to the same 
number of differential coefficients in the numerator at^ 
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denominator, the value of the fraction will be finite 
and equal to the ratio of the first differential coefficients 
which do not reduce to 0. 

103. Let us now illustrate this theory by examples, 

1. If in the fraction 



we make 


a:=l 


, we have 


■ 


Bnt 




dX 
cbs' 


= - nicT-'. 




f=-'^ 


in ivhieh, 


if we 


make i = 


:1, we 


have 


hence, 


dX 

Hi- 


— —n, 


and 
dX 


S-'. 



dx ■ 
therefore, the value of the fraction when x =1, is +n. 
2. Find the value of the fraction 

aa? — 2acx + ai? , _ 

bar' — 2bcx + bc^' ^ ^ ^- ' 

ax da: 

both, of which become 0, vfhen x = c. DifTerentiating 
again, we have 

hence, the true value of the fraction when x = c is -=-. 
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3. Find llie value of the fraction 
a^ — aaj' — tfce + cr 



; when x = a. 

Ans. 0. 



1. Find the value of the fraction 
aa; — a? 



5. Find the value of 



Ans. la — lb. 
. "What is the value of the fraction 



when a^ = 90'^. 

Am, 1. 



7, What is the value of the fraction 
a — x — ala + alx 



Ans. — 1, 
8. What is the value of the fraction 



Ans. 
9. What is the value of the fraction 
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104. It has been remarked (Art. 47), that the theorem 
of Taylor does not apply to the case in which a particular 
value attributed to x, renders any differential coefficient 
of the luBCtion infinite. Such functions are of the form 

in which jn and n are fractional. 

In functions of this form we substitute for x, a-\-h, 
which gives a second state of the function. We then 
divide the numerator and denominator by A raised to a 
power denoted by the smallest exponent of Ti, after which 
we make A = 0, and find the ratio of the terras of the 
fraction. 

When we place a-{-]i for x, we have, in arranging 
according to the ascending powers of h. 

F{a + h) ^ Ah' + Bh" + Ch' + &c., 
J^(a + h) A'h" + Bh" + Ch" + &c. 

Now there are three cases, viz. : when 



In the first case the value of the fraction will be ; in 
the second, a finite quantity ; and in the third it will be 
infinite. 

105. In substituting a-^-h for x, in the fraction 
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and by making h — 0, which renders x = a tlie value of 
the fcaction becomes 

(2 of- 
2. Required the value of the fraction 

i — i — when x~a. 

(»«-<.■)? 

Substituting a + h for cc, we have 

h''{~a + hf _ Ji^(—a + kf 
A^(3a^ + 3ah + ]?f (3a^ + ^ah-\-li^y 
which is equal to 0, when A — 0. 

106. Remarh. The last method of finding the value of 
a vanishing fraction, may frequently be employed advan- 
tageously, even when the value can be found by the 
theorem of Taylor. 

107. There are several forms of indetermination under 
which a function may appear, but they can all be reduced 

to the form — . 

1st. Suppose the numerator and denominator of the 
fraction 



infinite by the supposition of ; 
fraction can be placed under the form 
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whicli reduces to — , when X and X' are infinite. 

2d. We may have the product of two factors, one of 
which becomes and the other infinite, when a particular 
value is given to' the variable. 

In the product PQ, let us suppose that x = a, makes 
i* — and Q :=: oD . We would then write the product 
ander the form, 

Q 

which becomes -- when x — a. 

108. Let us take, as an example, the function 

in which n- designates 180°. 

If we make x—\, the first factor becomes 0, and the 
second infinite. But 

1 1 



cot 

] 


1 

2 


-X 



hence, (1 — iM)tang— 



J value of which is — when ic = l. 
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CHAPTER V. 



Of the Maxima and Minima of a Function of a 
Single Variable. 

109. If we liavc 

the value of the function u may be changed in two ways : 
first, by increasing the variable as ; and secondly, by dimin- 
ishing it. 

If we designate by u' thejirst value which u assumes 
when X is increased, and by u" the Jirst value which w 
assumes when x is diminished, we shall have three con- 
secutive values of the function 



Now, when u is greater than both u' and i/', u is said 
to be a maximum : and when u is less than both u' and 
u", it is said to be a minimum. 

Hence, the maximum value of a variable function is 
greater tlian the value which immediately precedes, or the 
value that immediately folloios : and the minimum value 
of a variable function is less than the value which imme- 
diately precedes or the value that immediately follmos. 

110. Let us now determine the analytical conditions 
which characterize the maximum and minimum values of 
a variable function. 
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If ill the function 

ihe variable x be iirst increased by h, and then diminished 
by h, we shall have (Art. 44), 



d'^u It' dhi 7i^ „ 

and consequently, 

, _^du h d^u Jr' dhr, k' „ 



dc 1 

Now, if u has a maximum value, it will be greater 
ihanw' or u" ; and hence, u' — w and w" — u will both 
be negative. If m is a minimum, it will be less than «' 
or w", and hence, u' — u and u" — m will both be positive. 

Hence, in order that u may have a maximum pr a 
minimum value, the signs of the two developments roust 
be both minus or both plus. 

But since the terms involving the first power of h, m 
the two developments, have contrary signs, and since so 
small a value may be assigned to h as to make the first 
term in each development greater than the sum of all t 
other terms (Art. 44), it follows that u can have neid 
a maximum nor a minimum, unless 
du_n. 
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and the roots of this equation will give all the values of 
a: which can render the function u either a maximum or 
a minimum- 
Having made the first differential coefficient equal toO, 
the signs of the developments will depend on the sign of 
second differential coefficient. 

But since the signs of the first members of tbe equa- 
tions, aud consequently of the developments, are both 
negative when w is a maximum, and both positive when u 
is a minimum, it follows that the second differential co- 
efficient will be negative when the function is a maximum, 
and positive Vfhen it is a minimum. Hence, the roots of 
the equation 

ax 
being substituted in the second differential coefficient, will 
render it negative in case of a maximum, and positive in 
case of a minimum; and since there may be more than one 
value of X which will satisfy these conditions, it follows 
that there may be more than one maximum or one minimum. 
But if the roots of the equation 

reduce the second differential coefficient to 0, the signs 
of the developments will depend on the signs of the 
terms which involve the third differential coefficient ; and 
these signs being different, there can neither be a maxi- 
mum nor a minimum, unless the values of x also reduce 
the third differential coefficient to 0. When this is tlie 
case, substitute the roots of the equation 
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dx 
in the fourth differential coefficient ; if it becomes negative 
there will be a maximum, if positive a minimum. If the 
values of x reduce the fourth differential coefficient to 0, 
the following differential coefScient must he examined. 
Hence, in order to find the values, of ce which will render 
the proposed function a maximum or a minimum. 
1st. Find the roots of the equation 

1=0. 

Sd. Substitute these roots in the succeeding differentia? 
coefficients, until one is found tohich does not reduce to 0. 
Then, if the differential coefficient so found be of an odd 
order, the values of x will not render the function either 
a maximum or a minimum. But if it he of an even 
order, and negative, the function will be a maximum ; if 



111. Remark- Before applying the preceding rules to 
examples, it may be well to remark, that if a variable 
function is muUiplied or divided by a con-^lant quantity, 
the same vahics of the variable wl n,h rendei the function 
a maximum or a mmimum will also make the product oi 
quotient a mi\irai m or a mmimum, and hence the con 
stant will not iffect the conditions of maximum oi mini- 
mum. 

2. Any value of the variable which will renJei the 
function a maximum or a mmimum, will also rendei any 
root or powei a maximum or a minimum , and hence, if 
a function is undei a radical, the radical may be on itted 
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1, To find the value of x which will render y £ 
num or a minimum in the equation of the circle 

f + al'^R^ 







dy 
dx 


~ s' 


taking 


y 


gives a 


; = 0. 


Thes 


second differential coe 


ifficient is 






i'y 


^ + f 






-&-' 


y' ■ 


nd since making x 


= 0, giv. 


„y^R, 






dit? 


1 

^3f 



which being negative, the value of a; — renders y a 
maximum. 

2. Find the values of x which will render y a maximum 
or a minimum in the equation, 

y = a — hx + 3?, 

differentiating, we find 

S=-t + 2^, and 45 = 2. 
(it? da? 

making, — 6 + 2a;^0, gives x — -—-; 

and since the second differential coefficient is positive, this 

value of X will render y a minimum. The minimum 



Hcssdb, Google 



no ELEMENTS OF THE 

value of y is found by substituting the value of x, in the 
primitive equation. It is 

y^a--. 

3. Find the value of x ■which will render the function 

u^a? + Vx-^cc\ 
a maximum or a minimum, 

^r- = 6' — 2 <?x, hence a^ — — ■ o't 

dx 2c= 

and, S-. = -2°' 

hence, the function is a maximum, and tlie maximum 
value is 

4. Let us take the function 

we find -^ — 9 aV — b*, and x=±-~ 
dx 3ff 

The second differential coeiRcicnt is 
Substituting the plus root of x, we have 
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■which gives a minimum, and substituting the negative 
root, we have 

1? = -'"''' 

which gives a maximum. 

The minimum value of the function is, 



and the maximum value 



113. Remark. It frequently happens that the value 
of the first differential coefficient may be decomposed into 
two factors, X and X', each containing x, and one of 
them, X for example, reducing to for that value of x, 
which renders the function a maximum or a minimum. 
When the differential coefficient of the first order takes 
this form, the general method of finding the second difie- 
rential coefficient may be much simplified. For, if 

— — XX' 



dhi_ X'dX XdX' 

da? dx dx 

But by hypothesis X reduces to for that value of aa 
which renders the function u a maximum or a minimum : 

dhi X'dX 
hence, -d^ = -~d^ • 
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from which we obtain the following rule for finding the 
second differential coefficient. 

Differentiate that factor of the first differential coef- 
ficient which reduces to 0, multiply it by the other factor, 
and divide the product by dx. 

5. To divide a quantity into two such parts that the with 
power of one of the parts multiplied by the nth power of 
the other shall be a maximum or a minimum. 

Designate tlie given quantity by a and one of the parts 
by X, then will a — x represent the other part. Let the 
product of their powers be designated by u ; we shall then 
have 

u^x-ia^ccT, 

whence, J = maf-' {a - xf - nco^ {a - a:)'-', 

= {ma — mx — nx)x'"~'^{a — x)''~^, 

and by placing each of the factors equal to 0, we have 

The second differential coefficient corresponding to the 
first of these values, found by the method just explained, is 

and substituting for x its value, it becomes 



hence, this value of x renders the product a maximum. 
The two other values of x satisfy the equation of the 
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problem, but do not satisfy the enunciation, since they are 
not parts of the given quantity a. 

Remark. If m and n are each equal to unity, the quan- 
tity will be divided into equal parts. 

6. To determine the conditions which win render 3/ a 
maximum or a minimujn in the equation 

i/"' — %mxy -\- a? — (^ -=0. 

The first differential coefficient is 

dy _ my — x _ 
dx y — mx* 



Substituting this value of y in the given equation, wa 
fold 



Vl — m* ' 
and the value of y corresponding to this value of a 



To determine whether ?/ is a maximum or a minimum, 
let us pass to the second differential coefScient. We have 



iS 



(-I-). 
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and since 

and by substituting for y and ic their values, we have 
6?y 1 

<^ a Vl - ffl^ ' 

hence, y is a maximum, 

7. To find the maximum rectangle which can be in- 
scribed in a given triangle. 

Let h denote the base of the triangle, h the altitude. 
y the base of the rectangle, and x the altitude. Then, 

u^^xy^ the area of the rectangle. 
But b : h : ; y : h — x: 

hli ~ hx 
hence, y — — r > 

and consequently, 



and omitting the constant factor, 



hence, the altitude of the rectangle is equal to half the 
altitude of the triangle : and since 
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8, What is tlie altitude of a cylinder inscribed in a 
given cone, when the solidity of the cylinder is a maxi- 
mum? ^ 

Suppose the cylinder to be inscribed, 
as in the figure, and let 
AB=a, BC = b, AD^x, ED = y; 
then, 5D = « — a; — altitude of the 
cylinder, and "y'(« — ir) = solidity 

=»■ (I) ^^-^g^-. 

From the similar triangles AED 
and ACB, we have 

X : y : : a : b ; whence y = — . 

Substituting this value in equation (I), and we have 

Omitting the constant factor — j-' we may wrife 

. = «■(»-.); 
for the conditions which will malte u a maximum will 
also make v a maximum (Art. Hi), 
By diiFerentiating, we have 



dx 



ij, , mux , — -; 
oar 

2ax - 3a^ = 0, 



Placing 

we have x= 0, and x = -a. 

Hence the altitude of ihe maximum cylinder is one-third 
the altitude of the cone 



Hcssdb, Google 



116 ELEMENTS OF THE 

9. What are the sides of the maximum rectangle in- 
scribed in a given circle ? 

Ans. Each equal to R V2. 

10. A cylindrical vessel is to contain a given quantity 
of water. Required the relation between the diameter of 
the base and the altitude in order that the interior surface 
may be a minimum. 

Ans. Altitude = radius of base. 

11. To find the altitude of a cone inscribed in a given 
sphere, which shall render the convex surface of the cone 
a maximum . ^ 

Ans. Altitude = ~^^- 

12. To find the maximum right-angled ti'iangle which 
can be described on a given hno. 

Ans. When the two sides are equal. 

13. What is the length of the axis of the maximum 
parabola that can be cut from a given right cone ? 

Ans. Three-fourths the side of the cone. 

14. To find the least triangle which can be formed by 
the radii produced, and a tangent line to the quadrant of a 
given circle. 

Ans. When the point of contact is at the middle of the 
arc. 

15. What is the altitude of the maximum cylinder which 
can be inscribed in a given paraboloid ? 

Ans. Half the axis of the paraboloid 
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CHAPTER YI. 

Application of the Differential Calculus to the 

Theory of Curves. 

113. Every relation between a function y and a vaii- 
able a?, expressed by the equation 

will subsist between the ordinate and abscissa of a curve 

Let A be the origin of the rectangular axes ; then 

if in the equation 

we make x = 0, we have 

y = 3. constant : 
lay off JIB equal to this con- 
stant. Tiien attribute values to 
X, from to any limitj as well T 
negative as positive, and find from the equation 

the corresponding values of y. Conceive the values of oi 
to be laid off on tlie axis of abscissas, and the values of 
yon the corresponding ordinates. The curve described 
through the extremities of the ordinates will have for its 
equation y — yfa:). (l) 

Let x represent any abscissa, AH for example, and 
y the corresponding ordinate HP. 

If now we give to x any arbitrary increment /*, and 
make HF = h, the value of y will become equal to FC, 
which we will designate by j/'. Through P draw the 
secant CPI and the tangent TP. 
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Now, l/-l/ = CF-PH=CD, 

and — -. — ■ — pf. = tangent of the angle CPS. 

,>,_-., . , CD PH 
JJut, by siKiilar triangles -pjy=- jj y. 

Now, the limiting ratio of the increment of the variable 
to that of the function, is that ratio which is independent 
of the value of k, and is obtained by making h equal to 
in the expression for the ratio of the increments (Art. 15.) 

It is evident that as k diminishes, the point C will ap- 
proach the point P, the point / will approach T, and the 
secant IC will approach the tangent TP; and when ft 
becomes equal to 0, the secant IC will coincide with the 
tangent TP. For every position of C we shall have 

CD PH 
~pjJ~~T^~ tangent CPD — tangent CIH ; and when 



C coincides with P, 



CD PH „^„ tZy 

^=^= tangent Pra=^; 

that is, the limiting ratio, or first differential coefficient, 
is equal to the tangent of the angle which the tangent 
line makes with the axis of abscissas. 

Of Tangents and Normals. 

1 14. Having found ihe value of 

dy 

dx 
we will now proceed to find the 
value of the subtangent, tangent, 
subnormal, and normal. 




Hcssdb, Google 



DIFFERENTIAL CALC¥LtIS. 117 

We have (Trig. Th. 11), 

1 : TR :: tangT : RP; 
(hat is, I : TR :: J : y 

hence, TR —y-j- ~ sub-tangent, 

115. The tangent TP is equal to the square root of 
the sum of the squares of TR and RP ; hence,, 

/ rf^ 
TP = yy 1+^^= tangent. 

116. From the similar triangles TPR, RPN, we have 

TR ; PR : : PR : RN, 
bence, ^T '• ^ - ' V ' ^^■< 



1 17. The normal PN is equal to the square root of the 
sum of the squares of PR and RN ; hence. 



PN 



=v.+* 



-- norma!. 



118. Let it be now required to apply thi 
lines of the second order, of which the 
(An. Geom. Bk. VI, Prop. XII, Sch. 3), is, 

Differentiating, we have 

dy m^-'inx m + 2nx 



dx 



sy 



2 Vma; -}- m^ 



formulas to 
equation 
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substituting this value, we find 



!'=y\/ 



'+i/=v/™ 



^ + na^ + i 



j_m+ 2?m;_J ' 



dy 



PN-. 



^a/i + S = V '"'^ + "^ + T^" 



+ 2nxf. 



By attributing proper values to m and «, the above 
formulas will become applicable to each of the conic 
sections. In the case of the parabola, n = 0, and we have 



TR = 2x, 



RN = 






+ 4a?, 



119. It is often necessary to represent the tangent and 
normal lines by their equations. To determine these, in 
a general manner, it will be necessary first to consider the 
ansdytical conditions which render any two curves tangent 
to each other. 

Let the two curves, PDC, 
PEC, intersect each other at 
P and C. 

Designate the co-ordinates of 
the first curve by x and y, and 
the co-ordinates of the second by 
a/, y'. Then, for the common 
point P, we shall have 

x = a/, y = 
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If we represent BG, the increment of the abscissa, by h, 
we shall have, from the theorem of Taylor (Ait. 44), 
_dy h d^y P d^y 



CG-PB = CF=£-^+-r^^^^ + -,-3~---+6cc., 



CG -PB=CF = ^tJ!-+%^y^^^^^c,. 
da/ 1 dx^l.2 da/^i. .2.3 

hence, by placing the two members equal to each other, 

and, dividing by k, we have 

dy d^y ^ j^ « _ dy' d^y' h 

di "•■ ^^^72 + ^''■' r 5^ + da/^ 1.2 "^ ^'^■ 

If we now pass to the limit, by making h = 0, we shall 

have 

dy dy' 

dx ~ dy/ ' 

in which case the point C will become consecutive with P, 

and the curve PEC tangent to the curve PDC, Hence, 

two lines will he tangent to each other, when they have 

a common paint, and the first differential coefficient of 

the one equal to the first differential coefficient of the 

other, for this point. 

120. The equation of a straight line is of the form 

y = ax + b, 

hence, -j- = «. 

ax 

But the equation of a straight line passing through a 

given point, of which the co-ordinates are x", y", is (An. 

Geom. Bk. II,Prop. IV), 

y ~ y" = a{^x — x"). 
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But if the point whose co-ordinates are ic", y'', is required 
to be on a given curve, these co-ordinates must satisfy 
the equation of that curve- If the straight line is required 
to be tangent to the curve at this particular point, the 
^ ,„„„„ ,.„.„ 

of the curve, must lake the particular value -^-j/i '^^'^ is, 
we must have 

dy __ dy" 

dx ds!" 
and the equation of the line tangent at the point whose 
co-ordinates are of', y", will be 

121. Let it be required, for example, to make the line 
tangent to the circumference of a circle at a point of 
which the co-ordinates are x", y". 

The equation of the circle is x^ ■\-y'' = B." ; 

and, by differentiating, we have -i-~ 

But if the straight line is to be tangent to the circle, at 
the point whose co-ordinates are x", y", we must have 

dy" dy x _ a/' 

dx" dx y y"' 

and by substituting this value in the equation of the line, 
and recollecting that ic"^ + y"^ = S?, we have 

yy" + xx" ^ R^, 
which is the equation of a tangent line to a circle. 

122. A norma! line is perpendicular to the tangent at 



Hcssdb, Google 





DIFFEaEMTIAL 


CALCULDS. 




121 


the point of contact. 


and 


since 


the 


equation 


of the 


tangent 


is of tile form 


















y- 


->/" = 




-(^- 


-a/'), 







the equation of the normal, at the point whose co-ordin- 
ates are w", y", will be of the form (An. Geom, Bk. II., 
Prop.VIL, Sch. 8), 



If we take the equation of any curve, and find»the 
value of ^—-^ for the particular point whose co-ordinates 
are a/', y", and then substitute that value in the above 
equation, we shall have the equation of the normal pas- 
sing through this point. 

The equation of the normal in the circle will take the form 



123. To And the equation of a tar,gent line to an ellipse 
at a point of which the co-ordinates are x", y", we have 

By differentiating, we have 

d^ £^' _ 

daf' " Ay' 
hence, we have 

y - »" = - ^i^" - "")■ " -^'^1" + ■^""" = ^'-°' ■■ 

and for the normal y~y" = '"^jk^ ~ ^■")- 
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1S4. To find the equaUon of a tangent to lines of the 
second order, of which the equation for a particular point 
"(An. Geom. Bk. VI, Prop. XII, Sch. 3) is 
j/"^ ^^ ffja/' + nx"'''. 
By differentiating, we have 



dx" 



2y" 



hence, the equation of the tangent to a Hue of the second 
ordflr is 

„ m + 2na/' 



^ ^ 2y" 

and the equation of the normal 



y-y"= 



^'f 



-{x 



-{x-^>). 



Of Asym-pioies of Curves. 



125. An asymptote of a curve is a line which continually 
approaches the curve, and becomes tangent to it at an 
infinite distance from the origin of co-ordinates. 

Let AX and ^r be 
the co-ordinate axes, and 

the equation of any tan- 
gent line, as TP. 
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If in the equation of the tangent, we niaice in succes- 
sion y = 0, x—O, we shall find 

^ dy" ' ^ ^ dvf' 

If the curve CPB has an asynaptote RE, it is plain 
that the tangent FT will approach the asymptote KE, 
when the point of contact P, is moved along the curve 
from the origin of co-ordinates, and T and D will also 
approach the points J? and Y, and will coincide with 
them when the co-ordinates of the poiiit of tangency are 
infinite. 

Ir order, therefore, to determine if a curve have asymp- 
totes, we substitute in the values of AT and AT>, the co- 
ordinates of the point which is at an infiuiie distance from 
the origin of co-ordinates. If either of the distances AT, 
AD, become finite, the curve will have an asymptote. 

Jf both tlie values are finite, the asymptote will be in- 
clined to both tlie co-ordinate axes : if one of the distances 
becomes finite and the other infinite, the asymptote will 
be parallel to one of the co-ordinate axes ; and if they both 
become 0, the asymptote will pass througli the origin of 
co-ordinates. In the last case, we shall know but one 
point of the asymptote, but its direction may be deter- 
mined by finding the value of -~, under the supposition 
tliat the co-ordinates are infinite. 

126. Let us now examine the equation 
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of lines of the second order, and see if these lines have 
asymptotes. We find 





AT-- 


-X- 


m + 2nic 


m+2na; ' 




AD 


= j. 


2y 


nij: 




^Vrnx + nx" 


which 


may be 


put 


under the forms 








^ 




m 



and making x=: <xi, we have 

AR^-^, and ^£ = ^=. 
2n 2-Vn 

If now we make n = <i, the curve becomes a parabola, 
and both the limits, AR, AE, become infinite : hence, 
the parabola has no rectilinear asymptote. 

If we make n negative, the curve becomes an ellipse, 
and AE becomes imaginary : hence, the ellipse has no 
asymptote. 

But if we make n positive, the equation becomes that 
of the hyperbola, and both the values, AR, AE, become 

finite. If we substitute for n its value --^, we shall have 
A^ 

AR=-A, and AE^±B. 
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Differentials of tlie Arcs and Areas of Segmenis 
of Curves. 

ITl. It is plain, that the chord and arc of a curve will 
approach each olher continually as the arc is diminished, 
and hence, we might conclude that the limit of their ratio 
is unity. But as several propositions depend on this rela- 
tion between the arc and chord, we shall demonstrate it 
rigorously. 

138. If we suppose the ordi- 
nate PR of the curve, POM to 
be a function of the abscissa, we 
shall have (Art. 19), 



PQ - ft, 



and 







Hence, PM^ V¥+{P+F'hflf^hVl + (F+P'hf. 
We also have NQ = Pk; 



hence, PN = Vlf+1^ = h Vl + P", 

NM= NQ-MQ^- P'Jh 



ft Vl + (P + P'hf Vl + {P + P'hf ' 
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of which ihii limit, by making h — 0, is 

Vl+F' 

But the arc POM can never be less than the chord PM, 
nor greater than the broken line FNM which contains it ; 
iience, the limit of the ratio 

POM _ 

PM ~ ' 

and consequently, the differential of the arc is equal to 

the differential of the chord. If we designate the arc by z, 

PM ViiW be represented by z' — z, and we shall have 

E'-z POM PM POM h /—^^ j^ 

Xj-VY+iP + Phf; 



h '~ PM ^PQ^ PM 

and, by passing to the limiting ra 



£ = VTTpr^x/T;g. 



or dz = Vdcc^ + dy"^ ; 

that is, the differential of the arc of a curve, at any point, 
is equal to the square root of the mm of the squares of 
the differentials of the co-ordinates. 

129. To determine the differential of the arc of a circle 
of which the equation is 

we have xdx -{' ydy =^ Q, or dy~ ; 



whence, rfs = v dx'^ + — — = — TV-f- y^, 
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J yh^-a?- 

tie a ea Jete d (A t 71). The plus sign is to 

be se 1 1 the absc sa x ind the arc are increasing 
f melons of eacl otl er and tie minus sign when they 
are dec e=! gfui tos(\.t31). 

130. Let BCD be any segment 
of a curve, and let it be required 
to find the differential of its area. 

The two rectangles DCFE, 
DOME, having the same base 
BE, are to each other as DC to 
-EM; and hence, the limit of their 
ratio is equal to the limit of the ratio of DC to EM, 
vffhich is equal to unity. 

But the curvelinear area DCME is less than the rect- 
angle DGME, and greater than the rectangle DCFE : 
hence, the limit of its ratio to either of them will be 
unity. But, 



DCME _ DCME ^ 
BE ~ DE ^ 



DEFC 
DEFC ^ 



DCx 



DCME 



or by representing the area of the segment by s and the 
ordinate DC by y, and passing to the limit, we have 

-;- = V, or ds — ydx ; 
dee ■' ^ 

hence, the differential of the area of a segment of any 
curve, is equal §> the ordinate into the differential of the 
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131. To find ihe differential of tlie area of a circular 
segment, we have 

3^ + y= = R% and ij = Vr^ - a? ; 

hence, ds = dx vR' — x'. 

The differential of the segment of an ellipse, is 



A 
and of the segment of a parabola 

ds = da: V2pcc. 



Signification of the Ihfferential Coefficients. 

132. It has already been shown that, if the ordinate of 
a curve be regarded as a function of the abscissa, the first 
differential coefficient will be equal to the tangent of the 
angle which the tangent line forms with the axis of abscis- 
sas {Art, 113). We now propose to show the signification 
of the second differential coefficient, the ordinate being re- 
garded as a function of the abscissa. 

Let AV be the abscissa 
and PM the ordinate of a 
cmre. From P lay off 
on the axis of abscissas 
PP' = }i, and PP" = 2k. 
Draw the ordinates PM, 
PM', P"M'; also the lines 
MMN, MM"; and lastly, 
MQ, M'Q', parallel to the 





M, 


M 


M 


/ 
N 












. 








•J 




1 




■"' 
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;aB. Then will M'Q=^NQ', suid v 



F'm=y^ 






da? 1.2 



F"M"r=y-\- 



dy^Ti i^ij 4.¥ 



dx 1 



+ &c., 



P'M'- PM^M'Q^^- 
dx 

P"M" - P'M' ^ M" Q'^% 

M"Q'-M'Q=+M"N = 



dx' 1.2 



da? 



da? l.S 

d^y 3 J? 
' da?T^~^ 

■A^+ &c. 



Now, since the sign of the first member of the equation 
is essentially positive, the sign, of the second member will 
also be positive (Alg. Art. 85). But by diminishing k, the 
sign of the second member will depend on that of the 
second differential coefficient (Art. 44): hence, the secoiic.J 
differential coefficient is positive. 



If the curve is below 
the axis of abscissas, 
lhe ordi nates will be 
negative, and it is easily 
seen that we shall then 
have 



M' Q'—MQ= — M'N= 
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Now, since the first meniber is iiegalive, the second 
member will be negative : hence we conclude that, if a 
curve is convex towards the axis of abscissas, the ordi- 
nate and second differential coefficient will have like signs. 



N 



133. Let us now con- 
sider the curve CMM'M", 
which is concave towards 
the axis of abscissas. We 
shall have. 



M 


A 










/ 
C 




« 






1 




' 



™='+l4+^^+^- 



dx\ dar' 1.3 



dx <kt l.S 



M"Q'-M'Q=-NM' 



'" = As.+ fa. 

djT 



But since llie first member of the equation is negative, 
the essential sign of the second member will also be 
negative : hence, the second differential coefficient will 
be negative. 
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If the curve is below the 
axis of abscissas, the ordi- 
nate will be negative, and it 
is easily seen that we should 
then have 



M''Q'-M'Q = + NM"-. 






- &c.; 



hence we conclude that, if a curve is concave towards th 
<ixis of abscissas, the ordinate and second differential 
coefficient will have contrary signs. 

The ordinate will be considered as positive, unless lh< 
contrary is mentioned. 

134. Remark 1. The co-ordinates x and y, deterniirii 
a single point in a curve, as M. The diiferential of y i: 
derived from the ordinate PM, and is what QM' become; 
when the ordinates F'M' and PM become consecutive. 

The second differential of y is derived from M'Q, in 
the same way that dy is derived from the primitive fiinc- 
ijon y. It is, indeed, what Jlf'Q' becomes, when M"Q' 
becomes consecutive with M'Q. Tlie abscissa x being 
supposed to increase uniformly, the difference behvecn 
PP" and P'P" is : and therefore the second differenlii!! 
of a; is 0. The co-ordinates x and y, and the first a:ni 
second differentials determine three points, M, M.', M", 
consecutive with each other. 

135. Remark 2. "When the curve is convex low;tidM 
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Eiic; axis of abscissa, the first diffetenlial coefficient, which 
represenU the tangent of the angle formed by the tangent 
line with the axis of abscissas, is an incieasitig function 
of the abscissa : hence, its differential coefficient, that is, 
the second differential coefficient of the function, ought 
to be positive (Art. 31). 

When the curve is concave, the first differential coeffi- 
cient is a decreasing function of the abscissa ; hence, the 
second differential coefficient should be negative (Art. 31), 

■ Examination of the Singula?- Points of Curves. 

136, A singular point of a curve is one which is dis- 
tinguished by some particular properly not enjoyed by 
the points of the curve in general. 

Let us, as a first example, find the points of a curve, 
through which the tangent lines will be parallel or per- 
pendicular to the axis of abscissa. 

137. Since the first differential coefficient expresses the 
value of the tangent of the angle which the tangent line 
forms with the axis of abscissas, and since the tangent is 
0, when the angle is 0, and infinite when the angle is 90°, 
it follows that the roots of the equation 

ax 

will give the abscissas of all the points at which the tan- 
gent is pai'aliel to the axis of abscissas, and the roots of 
the equation 

dy dx . 

-- zur GO , or -^ — 0, 
dx dy 
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will give the abscissas of all the points at which the tan- 
gent is perpendicular to the axis of abscissas. 

138. If a curve from being convex tovrards the axis of 
abscissas becomes concave, or from being concave becomes 
convex, the point at which the change of curvature takes 
place is called a point of infiexion. 

Since the ordinate and differential coefficient of the 
second order have the same sign when the curve is convex 
towards the axis of abscissas, and contrary signs when it 
SB concave, it follows that at the point of inflexion, the 
second differential coefficient will change its sign. There- 
fore between the positive and negative values there will he 
one value of x which will reduce the second differential 
coefficient to or infinity (Alg. Art. 310) : hence the roots 
of the equations 

dor ' oaf 
will give the abscissas of the points of inflexion, 

139. Let us now apply these principles in discussing 
the equation of the circle 

We have, by differentiating, 

dy _^ X 
dx y ' 

and placing 

- — = 0, we have a; = 0. 
1/ 
Substituting this value in the equation of the curve, we 
have 

„=±B; 
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hence, the tangent is parallel to the axis of abscissas at 
the two points where the axis of ordinales intersects the 
circumference. 
If we make 

we have y — 0; substituting this value in the equation, 
we find 

and hence, the tangent is perpendicular to the axis of 
abscissas at the points where the axis intersects the cir- 
cumference. 

The second differential coefficient is equai to 



which will be negatnc when y la positive, ami postive 
when y 11 ni.^dtne Hence the cncumference of the 
circle i-i concave towaid-- the a\if of ibsci'^sa'! 

It we apply 1 similar analysis to the equation of thp 
ellipse, we shall find the tangents paiallcl to the axis of 
absci'«sas at the extremities of one axis, and perpendu^ular 
to it at thp extremities of the other, and the curve concave 
towaids its axef 

140 Let us now discuss a chi'i tl curvis \\hich may 
be leprescnted by the equation 

5 = S±„(„_„)., 

in which we suppose c to be positive or negative, and 
different values to be attributed to tlie exponent m. 
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1st. When c is positive^ and m entire and even. 
By differentiating, we have 

''i = mc{!e-ar-'. 






,(».^l)»(aj^<,)— 



l£ we place the value -3^ = 0, we find x=a, and sub- 
siituiing this value in the equation of the curve, we find 

hence, x = a, y=-h, are the co-ordinates of the point 
at which the tangent line is parallel to the axis of 



Since m, is even, m — S will 
also be even, and hence the second 
differential coefficient will be posi- 
tive for all valnes of x. The curve 
will therefore be convex towards 
the axis of X, and there will be 
no point of inflexion. 

The value oi x-=a renders the ordinate y a minimum, 
since after m differentiations a differential coefficient of an 
even order becomes constant and positive (Art. 110). 

The curve does not intersect the axis of X, but cuts the 
axis of y at a distance from the origin expressed by 




y~h-\- ca". 
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We shall have, by differentiating, y ^ 






and 



"Py_ 



-1)0, 



The discussion is the same as 
before, excepting that the second 
differential coefficient being nega- 
tive for all values of x, the curve 
is concave towards the axis of 
abscissas, and the value ol x ~ a, 
renders the ordinate y a maxi- 
mum (Art. HO). 



142. 3d, Whe-, 



; is plui 



and 



: ±mc{x — a)'"~^ 
z i^m{m — l)c{x 



'.nus, and m entire and 



"We shall have, by differentiating, 
di/ _ 



The first differential coefficient will be 0, when cc = a, 
hence, the tangent will be parallel to the axis of abscissas, 
at the point of which the co-ordinates are x ~a, y = h. 
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Since the exponent m — 2 is 
uneven, the factor (a: — a)"'~^will 
be negative when 2^ < o, and 
positive when a; > a; hence, this 
factor changes its sign at the 
point of the curve of which the 



If c is positive, the second difTerential coefficient will be 
negative for x<, «> find positive for a^ >« .- hence there will 
be an inflexion when x = a. If c were negative, the curve 
would be first convex and then concave towards the axis 
of abEcissas, but there would still be an inflexion at the 
point 3; = a. At this point the tangent line separates ihe 
two branches of the curve. 

There will, in this case, be neither a maximum nor a 
minimum, since after nt differentiations a differenlial coef- 
ficient of an odd order, will become equal to a constant 
quantity (Art. 110). 

143. 4th. When c is positive or negative, and m a 
fraction having an even numerator, as m^ — . 

By differentiating, and supposing c positive, we have 



Hcc^ay 



If we make w = a, the first differential coefficient will 
become iniinite ; and the tangent wOl be perpendicular to 
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at the point of which the co-ordiui 



^b. 



In regard to the second differen- 
tial coefficient, it will become infi- 
nite for x — a, and negative for 
every other value of x, since the 
factor (37— a) of the denominator 
is raised to a power denoted by an 
even exponent. Hence, the curve 
will be concave towards the axis of 
abscissas. 

If we take the equation of the cur^^e 




and ma 
either c 



y^b-\-cix~ay, 
v = a + h, and x^a^h, wc shall have, 111 

y — b + c/f" ; 



and hence, y wdl be less toi r — a, than for any olhei' 
value of X, either gieater or less than a. Hence, the 
value 3;=: a, lendeis 1/ a mimmum 
If c were negatn e, the equation would be of the form 

and we should ha^e, by differentiating, 
dy ^ 2 c 



(eg_ 



s(i-ay 
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The first and second differen- 
tial coefficients will be infinite for 
X =:a, and the second differential 
coefficient will be positive for all 
values of x greater or less than a; 
and hence, the curve will be con- _ 
vex towards the axis of abscissas. 

If, in the equation of the curve 

we make x = a + h, and x = 
either case, 

y = b — ch^ ; 
and hence, y will be gieiter for % = a, than foi iny other 
value of X either gieiter or lees than a Hence the 
value x=a, rendeia y i maximum 

144. Remark. The conditions of a maviraum oi a 
minimum deduced in Art HO weie e^tabhshed by means 
of the theorem of Taylor Now the cnse in which (he 
function changes its foim bj t, pirticuHi vilue atiii 
buted to X, was exclud d in the demonstration of that 
theorem (Art. 45) Hence the conditions of minimum 
and maximum deduced in the two last ca&ea ought 
not to have appealed among the general conditions of 
Art. 110. 

We therefore see that there are two species of miiima 
and minima, the one chintterized 1 y 



i = 0, the other by 
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In the first, we determine whether the function i 
maximum or a minimum by examining the 6 
differential coefficient ; and in the second, by examining 
the value of the function before and after that value of x 
which renders the first differential coefiicient infinite. 

The branches DE, ME, which are both represented by 
the equation. 

y = b±^ 0(3; — a)^, 
are not considered as parts of a continuous curve. For, 
the general relations between p and t which determine 
each of the parts DE, ME, is entirely brolien at the 
point M, where x = a. The two parts are therefore 
regarded as separate branches which unite at M. The 
point of union is called a cusp, or a cusp point. 

146. 5th. When "c is positive or negative and m a 
fraction having an even denominator, as m =-t- 

Under this supposition the equation of the curve will 
become 







y = S 


±c(,r- 


-«)', 


and 


by 


differentiating, we 


haTe 








1- 




-0)" 


and 




d»y 




3 c 




~ ^77 


, .1' 
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The curve represented by lliis 
eouation will have two branches : 
the one corresponding to the plus 
sign wiil be concave towards tlie 
axis of abscissas, and the one cor- 
responding to the minns sign will be 
convex. Every value of a? less than 
a will render y imaginary. The co-ordhiales of the point 
M, are ^^a, y=h. 



146. 6th. Wlien c 
fraction having an une 
nominator, as m= — . 



! positive i 



Under this supposition the equation will bee 





y 


= S± 


{.v-af, 


by 


differentiating, 


veha 


e 




ill 


~ ± - 


3c 




<fy 




3.3c 



5.5{x — ay 
from which we see that if we nse the superior sign of the 
lii-st equation, the curve will be convex towards the axis 
of abscissas for a? < a, that there will be a point of inflexion 
for a; — c, and that the curve will be concave for ic > a. 
If the lower sign be employed, the first branch will become 
concave, and the other coiives. 

147. The cusps, which have been considered, were 
formed by the union of two curves that were convex to- 
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wards each other, and such are called, cusps of the first 
order. 

It frequently happens, however, that the curves which 
unite, embrace each other. The equation 

{y — a^f = sP, 
furnishes an example of this kind. By extracting the 
square root of both members and transposing, we have 



and by differentiating 







We see by examining 
the eqiiations, that the curve 
has two branches, both of 
which p^ss through the 
oiigm of CO ordmatea The 
upper branch which corres 
ponds to the plus sign, is constantly come\ towaiils the 
axis of abscissas while the lower branch is convex for 

r< r-, and concave for a.>— ■— and a <1 At 

the last point the curve passes below the axis of abscissas 
and becomes convex towards it If we make the (list dif 
ferential coefficient equal to we shall find a, =^ 0, and 
substituting this value in the equation of the curve, gives 
y = , and hence, the axis of abscissas is tangent to both 
blanches ot the cuive at the origm of co oidmates Al 
this point the difteiential coefficient of the second ordei 
lb pc-itive for both branthi-s of th tune henre thev 
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are both convex towards the axis. When, the cusp is 
formed by the union of two curves which, at the point 
of contact, lie on the same side of the common tangent, it 
is called a cusp of the second order. 

148. Let us, as another example, discuss the curve 
whose equation is 

By differentiating, we obtain 




We see, from the equa- 
tion of the curve, that y will 
be imaginary for all values 
of X less than c. 

For a:— c, wehavey=?'; 
and for a; > c, we have two 
values of y and conse- 
quently two branches of 
the curve, until x = a when they unite at the point .M. 
For ;»!> a there will be two real values of ji and conse- 
quently two branches of the curve. The point M, at 
which the branches intersect each other, is called a mul- 
tiple point, and differs from a cusp by being a point 
of intersection instead of a. point of tangency. At the 
multiple point M there are two tangents, one to each 
branch of the curve. The one makes an angle with the 
axis of abscissas, whose tangent is 
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the other, an angle whose tangent is 



149. Besides the cusps and multiple points which have 
already been discussed, there are sometimes other points 
lying entirely without the curve, and having no connexion 
with it, excepting that their co-ordinates will satisfy the 
equation of the curve. 

For example, the equation 

ay^ — x^ + ha? — 0, 

will be satisfied for the values 
x=. ±0, y=±0; and hence, 
the origin of co-ordinates A, 
satisfies the equation of the 
curve, and enjoys the property 
of a' multiple point, since it is 
the point of union of two values 
of X, and two values of y. 

If we resolve the equation with respect to y, we find 



and hence, y will be imaginary for all negative values of 
X, and for all positive values between the limits a; = and 
x~h. For all positive values of x greater than b, the 
values of y will be real. 

The first difierentiai coefficient is 

dy _ ,y(3a;-26) 
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or by dividing by the coinmon factor 
dy Sx — Zh 



dee 2Va{x~-b) 
and malting a? = 0, there results 

dy _ 2b 

dx 2 V- ah ' 

which is imaginary, as it should be, since there is no poin 
of the curve wliich is consecutive with the isolated or con- 
jugate point. The differential coefhcients of the higher 
orders are also imaginary at the conjugate points, 

150. We may draw the following conclusions from the 
preceding discussion. 

1st. The equation -^ — 0, determines the points at 
which the tangents are parallel to the axis of abscissas. 

2d. The equation -^=00, determines the points of 

the curve at which the tangents are perpendicular to the 
axis of abscissas. The two last equations also deterraim. 
the cusps, if there are any, in all cases where the 
tangent at the cusps is parallel or perpendicular to the 
axis of abscissas. 



dcc^ 



3d. The equation -^ = 0, or ^^=cc determines 
' dar r/^^ 

the points of inflexion. 



1 iniagiuEiry constant, : 



dicales a conjugate point. 
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CHAPTER VIT. 



Of Osculatonj Curves — Of Evolutes. 

151. Lei PT be tangent to the curve ABP at the point 
P, and PA'' a normal at the same point : then will PT 
be tangent to the circumference of every circle passing 
through F, and having its centre in the normal PN. 

It is plain that the cen- 
tre of a circle may be 
taken at some point C, 
so near to P, that the cir- 
cumfei encp shall fall with- 
in the curve APB, and 
then every circumference 
described with a less ra- 
dius, will fall entirely 
within the curve. It is 

also apparent, that the centre may be taken at some point 
C, so remote from P, that the circumference shall fall 
between the curve APB and the tangent PT, and then 
every circumference described with a greater radius will 
fall without the curve. Hence, there are two classes of 
tangent circles which may be described; the one lying 
within the curve, and the other without it. 
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152. Let there be 
three curves,, AFB, 
CPD, EPF, which 




gent TP, and a com- 
mon normal PN ; then 
will they be tangent to 
each other at the point 
P. "It does not follow, 
however, from this cir- 
cumstance, that each curve will have an equal tendency Ui 
coincide with the tangent TP, nor does it follow that any 
two of the curves CPD, EPF, will have an equal ten 
dency to coincide with the first curve APB. 

It is now proposed to estabhsh the analytical 
conditions which determine the tendency of curves to 
coincide with each other, or with a common tangent. 

Designate the co-oidmates of the first curve APB by 
sc and y, the co-o)dmates of the second CPD by a:', y', 
and the co-oidmates of the thud EPF by a/', y". If we 
designate the common crdmate PR by y, y', y" , we shall 
then ha^ e 

dy h (fy W 



qR'^y + 



sR'^y'->r 



dy' h 



tii^I.2 (ic^ 1.3.3 

(Py ^" d?y' h^ 
da/^1.2 dx'H.2.d ' 



+ &c., 



But since the curves are tangent to each other at the 
point P, we have (Art. 119), 
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, „ , uy u,u U.U ^ 

!' = H' = H'- «■"! i = W=£p'- ""^""^ 

Now, in order that the first curve APB shall approach 
more nearly to the second CPD than to the third EPF, 
we must have 

and consequently, 

A— + B-^ + &c.,<A'—+B'-^ +&C., 
1.2 1.2.3 ' 1.3 1.2.3 

in which we have represented the coefficients in the first 
series by A, B, C, &c., and the coefficients in the second 
by A', B', a, &c. 

Now, the limit of the first member of the inequality will 
always be less than the Irniit of the second, when its first 
term involves a higher power of h than the first term of 
the second. For, if A — 0, the first member will involve 
the highest power of h, and we shall have 

and by dividing by h\ 

B -JL- + &c., < A' — + B' -^ + &.C., 
1.2.3 ' l.S 1.2.3 

and by passing to the limit 
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0<A'- 
But when A — 0, we have 






and hence, when three curves have a common ordinate, the 
first will approach nearer to the second than to the third, 
if the number of equal differential coefficients between the 
first and second is greater than that between the first and 
third. And consequently, if the first and second curves 
have m + 1 differential coefficients which are equal to 
each olher, and the first and third curves only m equal dif- 
vential coefficients, the first curve will approach more 
nearly to the second than to the third. Hence it appears, 
that the order of contact of two curves will depend on 
the number of corresponding differential coefficients which 
are equal to each other. 

The contact which results from an equality between the 
co-ordinates and the first differential coefficients, is called 
a contact of the Jirsi ortfej-, or a simple tangency (Art. 119). 
If the second differential coefficients are also equal to each 
other, it is called a contact of the second order. If the first 
three differential coefficients are respectively equal to each 
other, it is a contact of the third order; and if there are m 
differential coefficients respectively equal to each other, it 
is a contact of the mth order. 

153. Let us now suppose that the second line is only 
given in species, and that values may be attributed at 
pleasure to the constants which enter its equation. We 
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shall tlien be able to establish between the first and second 
lines as many conditions as there are constants in the 
equation of the second line. If, for example, the equation 
of the second line contains two constants, two conditions 
can be established, viz. : an equality between the co- 
ordinates, and an equality between the first differential 
coefficients ; this will give a contact of the first order. 

If the equation of the second curve contains three con- 
stants, three conditions may be established, viz. : an equality 
between the co-ordmates, and an equality between the fii^l 
and second differential coeiHcients. This will give a con- 
tact of the second order. If there are four constants, we 
can obtain a contact of the third order ; and if there are 
m + l constants, a contact of the mth order. 

It is plain, that in each of the foregoing cases the highest 
order of contact is determined. 

The line which has a higher order of contact with a 
given curve than can be found for any other line of the 
same species, is called an osculatrix. 

Let it be required, for example, to find a straight line 
which shall be osculatory to a curve, at a given point of 
which the co-ordinates are x", y". 

The equation of the right line is of the form 

y = ax-\-h, 

and it is required to find such yalues for the constants a 
and h as to cause the line to fulfil the conditions, 

,, ,, , dii dy" 

x = a/', J = J,", .ni 2^ = 3^^. 
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By differentiating Lhe equation of the line, we have 



and since the line passes through the point of osculation 



Substituting for ■— its value -^jy' ^^ ^'^''^ 



for the equation of the osculatrix. 
In the equation of the circle 

3^ + y^ - W-, 

(fe ~ y d^' y" 

hence, the equation of the osculatrix of the first o 
the circle, is 



or by reducing yy"+ 3:1!' —'B?. 

154. If « and ,8 represent the co-ordinates of the centre 
of a circle, its equation will be of the fonn 

(^--)' + (y-rt' = -R". 

If this equation be twice differentiated, we shall have, 

{x-^)<lx-ir{y'-^')iy^Q, 

di^ \ dy' ■\- {y - ^)^y = ; 
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anH by combining the three equations, 
dx^ + du'- 



dy fdx' -{- dy\ 
dx \ dhj J 



dxd?y 



If it I 



e now required to make this circle osculatoiy to 
a given curve, at a point of which the co-ordinates are a/', 
y", we have only to substitute in the three last equations, 
the values of 



dy _ 
dx 






da/''" 



deduced from the equation of the curve, and to suppose, at 
the same time, the co-ordinates x and y in tlie curve to 
become equal to those of x and y in the circle. 

If we suppose a/', y" to become general co-ordinates 
of the curve, the circle will move around the curve, con- 
tinually changing its radius, and will become osculatory 
at all the points in succession, 

155. If the chcle CD 
be osculatory to the curve 
EF, at the point P, we 
shall have 

for h positive ; and 



Py^ 




A/ 


~~~' 


^•d 


/ / 


1' 
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for h negative: lience, the two lines qs, q's', have contrary 
signs. The curve, therefore, lies above the osculatory cir- 
cle on one side of the point P, and below it on the other, 
and consequently, divides the osculatory circle at the point 
of osculation. Hence, also, the osculatory circle separates 
the tangent circles which lie without the curve from those 
which lie within it {Art. 151). 

In every osculatrix of an even order the first term in the 
values of qs, q's', will, in general, contain an uneven power 
of k; and hence their sigQS may be made to depend on 
that of h- The curve will therefore lie above the oscu- 
latrix on one side of the point P, and below it on the 
other ; and hence, every osculatrix of an even order, will 
in general be divided by the curve at the point of oscula- 
tion. 

156. The first differential equation of Article 154, 

(x-»)dx + {y-^)dy = 
may be placed under the form 

dx. 

It we make the circle osculatory to the curve we have 

a? = a/', y = y", and 

dx d^' , 
T~=T^; hence, 
dy ay" 

which is the equation of a normal at the point whose co- 
ordinates are a/' y" (Art. 122). Bui this normal passes 
through the point whose co-ordinates are » and j3. Hence, 
the normal drawn througJt the point of osculation, will 
contain the centre of the osculatory circle- 

157. It was shown in (Art. 155) that the osculatory cir- 
cle is, in general, divided by the curve at the point of oscu- 
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lation. The position of ihe curves with respect to each 
other indicates this result. 

For, the osculatory circle is always symmetrical with 
respect to the normal, while the curve is, in general, not 
synimetrical with respect to this line. If, however, the 
curve is symmetrical with respect to the normal, as is the 
case in lines of the second order when the normal coincides 
with an axis, the curve will not divide the osculatory circle 
at the point of osculation ; and the condition which renders 
the second differential coefficients in the curve and circle 
equal to each other, will also render the third differential 
coefficients equal, and the contact will then be of the third 
order. 

158. The radius of the osculatory circle 

is affected with the sign plus or minus, and it may be well 
to determine the circumstances under which each sign is 
to be used. 

If we suppose the ordinate to be positive, we shall have 
(Art. 133) 



d:^' 



and consequently (^y 



negative when the curve is concave towards the axis ot 
abscissas, and positive when it is convex. If then, we 
wish the radius of the osculatory circle to bo positive for 
curves which are concave towards the axis of abscissas, we 
must employ the minus sign, in which case the radius will 
be negative for curves which are convex. 
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159. If the circumferences of two circles be described 
with different radii, and a tangent line be drawn to each, it 
is plain that the circumference which has the less radius 
will depart more rapidly from its tangent than the circum- 
ference which is described with the greater radius ; and 
hence we say, that its curvature is greater. And gener- 
ally, the curvature of any curve is said to be greater or less 
than that of another curve, according as its tendency to 
depart from its tangent at a given point, is greater or less 
than that of the curve with which it is compared- 

160. The curvature is the same at all (he points of the 
same circumference, and also in all circumferences described 
with equal radii, since the tendency to depart from tlie tao- 
gent is the same. In different circumferences, the curva- 
ture is measured by the angle formed by two radJi drawn 
through the extremities of an arc of a given length. 

, Let r and / designate the radii of two circles, a the 
length of a given arc measured on the circumference of 
each ; c the angle formed by the two radii drawn through 
the extremities of the arc in the first circle, and </ the 
angle formed by the corresponding radii of the second. 
We shall then have 

2^r : a :: 360° : c, hence, c ^^^22l. 



360° a 
aou" : c, nence, c - 

and consequently 



2^r' : a : : 360« : c', hence, ^ — 

2^ 



c : </ :: ~ ■ —, 
r r 
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that is, the curvature i 
inversely as the radii. 

161. The curvature 
of plane curves is meas- 
ured by means of the 
osculatory circle. 

If we assume two 
points P and P', either 
on the same or on dif- 
ferent curves, and find 
the radii r and / of the circles which e 
these points, then 

curvature at P : curvature at P' : 



1 different circumferences varies 




; osculatory at 



/' 



that is, the curvature at different points varies inversely 
as ike radius of the osculatory circle. 

The radius of the osculatory circle is called the radius 
of curvature. 

162. Let us now determine the value of the radius of 
curvature for lines of the second order. 

The general equation of these lines (An. Geom. Bk. VI, 
Prop. XII, Sch. 3), is 



which gives, 

_{m-\-2nx)dx 



dy^^y- 



dx^ + dy'' 



4y. 



_ 2nyd^-{fn.-\-'S,na:)dxdy _ [A.m/-{m-\-2nxf]dA ^ 
2if " if 
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Substituting these values in the equation 



R = 



. dx(fy 



which is the general value of the radius of curvature in 
lines of the second order, for any abscissa a?. 
163. If we make x = 0, we have 

2 A 

that is, in lines of the second order, the radius of curva- 
ture at the vertex of the transverse axis is equal to half 
the parameter of that axis. 

If be required to find the value of the radius of curva- 
ture at the extremity of the conjugate axis of an ellipse, 
we make [An. Geom. Bk. YIII, Prop. XXI, Sch, 3), 



and x — A, 



2B= B^ 

A A' 

which gives, after reducing, 

-#^ 

hence, the radius of curvature at the vertex of the conju- 
gate axis of an ellipse is equal to half the parameter of 
that axis. 

In the case of the parabola, in which !i = 0, the general 
value of the radius of curvature becomes 
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R = 



{m' + tv,^)' 



164. If we compare the value of the radius of curvature 
wiih that of the normal line found ir (Art. 118), we sha.l 
have 

P _ (normal)' _ 



that is, the radius of curvature at any point is equal to 
the cube of the normal divided by half the parameter 
squared : and hence, the radii of curvature at different 
points of the same curve are to each other as the cubes of 
the corresponding normals. 

Of t/ie Evolutes of Curves. 



165. If we 
dilatory circle to be drawn at 
each of the points of the 
curve APP'B, and then a 
curve ACC'C" to be drawn 
through the centres of these 
circles, this latter curve is 
called the evolute curve, and 
the curve APP'B the invo- 
lute. 



166. The co-ordinates of the centre of the ( 
circle, vfhich have been represented by « and 0, arc con- 
stant for given values of the co-ordinates x and y of the 
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involute curve, but they become variable when we pass 
from one point of the involute curve to another. 

167, We have already seen that ttie osculatory circle is 
characterized by the equations (Art. 154) 

{<.-^f + {y~^f = B?, (1) 
ix~>>)dx^iy-e)dy = 0, (3) 
d^ + dy' + iy-f^d^y^O. (3) 

If it be required to find the relations between the co- 
ordinates of the involute and the co-ordinates of the 
evolute curves, we must differentiate equations (1) and (2) 
under the supposition that * and fi, as well as a; aaJ y, 
are variables. We shall then have 

(^ ~^)dx + {y — ^)dy -{x — »)d» — {y — ?)d^ = RdR, 

dar^ + df + {y ~ fi)d'y ~ ditdw — d^ dy = 0. 

Combining these with equations (2) and (3), we obtain 

-(y- ^)d^ -(x- «)rf« = RdR, (4) 

— ditdte~d^dy = 0. 

The last equation gives 

d^ dx ,_ , 

But equation (2) may be placed under the form 

which represents a normal to the involute (Art. 122), and 
which becomes, by substituting for —-r- its value y-, 
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V-^ = JU-«)- (6) 
or ^-y = ^(«-a7) (Art. 120). 

This last equationj which is but anotlier form for the 
equation of the normal to llie involute, is, in fact, the 
equation of a tangent line to the evolute, at the point 
whose co-ordinates are a and^; hence, a normal line to 
the involute curve is tangent to the evolute. 

168. It is now proposed to show, that the radius of cur- 
vature and the evolute curve have equal differentials 

Combining equations (2) and (5) we obtain 

(^--) = (y-,!)g, (7) 
or by squaring both members, 

combining this last witli equation (1) we have 



(<;''+« 
*' 



{y-sr = J£'. (8) 



Combining equations (4) and (7), we have 



_(*J+*2_ 



{t/-n = RdR; 
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or by squaring both members 

Dividing this last by equation (8), member by member 
we liave 

(dRf^d'^ + d^^ 

or dR = Vd^^T^. 

But if s represents the arc of the evolute curve, of which 
the co-ordinates are « and (S, we shall have (Art, 128), 



ds= Vdie' + d^^ ; 

hence, dR = ds; 

that is, the differential of the radius of curvature is equal 
to the differential of the arc of the evolute. 

169. It does not follow, however, from the last equation, 

that the radius of curvature is equal to the arc of tlie evolute 

curve, but only that one of them is equal to the other phis 

or minus a constant (Art. 22). Hence, 

R = s + a 

is the form of the equation which expresses the relation 
between them. 
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If we determine tlie radii 
of curvature at two points of 
the involute, as P and P', 
we shall have, for the first, 



R = 



i + a, 



and for the second 

R' = s' ^a: 
hence, 
R' -R^s' -s^ 



G'C"; 




and hence, the difference between the radii of curvature at 
any two points of the involute is equal to the part of the 
evolute curve intercepted between them. 

170. The value of the constant a wiU depend on the 
position of the point from which the arc of the evolutc 
curve is estimated. 

K, for example, we take the radius of curvature for lines 
of the second order, and estimate the arc of the evolute 
curve from the point at which it meets the axis, the value 
of s will be when R = —m (Art. 163); hence we 
shall have 



and for any other point of the c 
R = s + - 



] 
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Either of the evolutes, FE, 
FE', FE', or FE, corres- 
ponding to one quarter of tlie 
ellipse, is equal to (Art. 169) 



B' 



171 . The evolute curve takes 
its name from the connexion which it 
ponding involute. 

Let CaC" be an evolute 
curve. At C draw a tan- 
gent AC, and make it equal 
to the constant a in the equa- 
tion 

K - s + a- 

Wrap a thread ACCC" 
around the curve, and fasten 
it at any point, as C". 

Then, if we begin at A, 
and unwrap ■ or evolve the 
thread, it will take the positions PC\ P'O', &c., and the 
point A will describe the involute APP' : for 

PC'-AC^CC and P'C" - AC=CaC", &lc 

172. The equation of the evolute may be readily found 
by combining the equations 




dcc' + df 



dxd?y 



with the equation of the involute curve, 
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1st. Find, frofli the equation of the involute, the values of 

-f- and d?y, 

and subslilute them in the two last equations, and there 
will be obtained two new equations involving «, /3, a: and t/. 

2d. Combine these equations with the equation of the 
involute, and eliminate a; and y ; the resulting equation 
will contain «, ft and constants, and will be the equation 
of the evoiute curve. 

173. Let us take, as an example, the common parabola 
of which the equation is 

We shall tlien have 



dy _^m js — ^A^ 

dx 2y' ^ ~ 4y^ ' 



and by observing that the value of a? — « is equal to thai 
of y — /3 multiplied by — ~, ive have 



hence we have. 
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substituting for y its value in the equation of the involute 



and by eliminating x, i 



which is the equation of the evolute. 
If we make P = 0, we liave 



and hence, the evohite nieels llie 
axis of abscissas at a' distance from 
the origin equal to half the param- 
eter. If the origin of co-ordinates 
be transferred from A. to this 
point, we shall have 




and consequently 



27 m 



The equation of the curve sliows that it is symmetrical 
with respect to the axis of abscissas, and that it does not 
extend in the direction of the negative values of «'. The 
evolute CC corresponds to the part AT of the involute, 
and CC" to the part AP'. 
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CHAPTER VIII. 



Of Transcendental Curves. — Of Tangent Planes 
and Normal Lines to Surfaces. 

174. Curves may be divided into Iwo general classes : 
1st. Those whose equations are purely algebraic ; aad 
2dly. Those whose equations involve transcendental 

quantities. 

The first class are called algebraic curves, and the 
second, transcendental curves. 

The properties of the first class having been already 
examined, it only remains to discuss the properties of the 
transcendental curves. 

Of the Logarithmic Curve. 

175. The logarithmic curve takes its name from the 
property that, when referred to rectangular axes, one of 
the co-ordinates is equal to the logarithm of the other. 

If we suppose the logarithms to be estimated in paral- 
lels to the axis of Y, and the corresponding numbers to 
be laid off on the axis of abscissas, the equation of the 
curve will be 

y=..la:. 
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176. If we designate the 
base of a system of loga- 
rithms by a, we shall have, 
(Alg. Art. 241) 



aJid if we change the value 
of the base a to a', we shall 
have 



It is plain, that the same value of x, in the two equations, 
will give different values of y, and hence, every system of 
logarithms will give a different logarithmic curve. 

If we make y — 0, we shall have (Alg. Ai-t. 257) 
a? = 1 ; and this relation being independent of the base of 
the system of logarithms, it follows, that every logarithmic 
curve will intersect the axis of numbers at a distance from 
the origin equal to unity. 

The equation 

a" — X, 

will enable ns to describe the curve by points, even with- 
out the aid of a table of logarithms. For, if we make 



we shall find, for the corresponding values of x, 

x^l, x—-^, x — a-sfa, x — yfa &c. 

177. If we suppose the base of the system of logarithms 
to be greater than unity, the logarithms of all numbers lesa 
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llian unity will be negative (Alg. Art. 256) ; and llierefore, 
the values of y corresponding to the abscissas, between the 
limits ic = and x~AE = \, will be negative. Hence, 
these ordinates are laid off below the axis of abscissas. 

When a; ^ 0, ^/ will be infinite and negative {Alg. Art, 
264). If we make a: negative, the conditions of the equa- 
tion cannot be fulfilled; and hence, the curve does not 
extend on the side of the negative a:bscissas. 

178. Let us resume the equation of the curve 

y — ?37. 

If we represent the modulus of the system of logarithms 
by A, and diiferentiate, we obtain (Art. 56), 



dy _A 

dx X ' 

But -^ represents tlie tangent of the angle which the 
tangent line forms with the axis of abscissas : hence, the 
tangent will be parallel to the axis of abscissas when 
x=: ID , and perpendicular to it when a; — 0. 

But when ic — 0, y— — xi; hence, the axis of ordinates 
is an asymptote ^o the curve. The tangent which is 
parallel to the axis of X is not an asymptote : for when 
a; = CO , we also have ;/ — co . 

179. The most remarkable property of this curve be 
longs to its sub-tangent T'R', estimated on the axis of 
logarithms. We have found, for the sub-tangent, on the 
axis of X (Art. ll-i), 
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TR = Jy, 
and by simply cli-inging the axes, we have 

ax 

hence, the sub-tangent is equal to the modulus of the 
system of logarithms from which the curve is constructed. 
In the Naperian system M = l, and hence the sub-Langenl 
will be equal to 1 — AE. 

Of the Cycloid. 



180. If a circle NPG be rolled along a Straight line 
AL, any point of the circumference will describe a curve, 
which is called a cycloid. The circle NPG is called the 
generating circle, and P the generating point. 

It is plain, that in each revolution of the generating circle 
an equal curve will be described; and hence, it will only 
be necessary to examine the properties of the curve 
APBL, described in one revolution of the generating circle. 
We shall therefore refer only to this part when spealdng 
of the cycloid. 

181. If we suppose the point P to be on the line AL 
at A, it will De found at some point, as L, after all the 
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points of the circumference shall have been brought in 
contact with the hne AL. The Hne AL will be equal to 
the circumference of the generating circle, and is called 
the base of the cycloid. The line BM, drawn perpen- 
dicular to the base at the middle point, is equal to the 
dia,meter of the generating circle, and is called the asiis of 
the cycloid,. 

IBS. To find the equation of the cycloid, let us assume 
the point A as the origin of co-ordinates, and let us sup- 
pose that the generating point has described the arc AP. 
If N designates the point at which the generating circle 
touches the base, AN will be equal to the arc NP. 

Through N draw the diameter NG, which will be 
perpendicular to the base. Through P draw PR perpen- 
dicular to the base, and PQ parallel to it. Then, PR — NQ 
will be the versed-sine, and PQ the sine of the arc NP. 

Let us make 

ON ^r, AR = X, PR = NQ = y, 
we shall then have 

PQ=V2^y^^^ a: = AN~-RN^wcNP~PQ: 
hence, the transcendental equation is 

ie^ ver-sin~'y— VS ry — y^. 
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183. The properties of the cycloid are, however, mosl 
easily deduced from its differential equation, which is 
readily found by differentiating both members of the trans- 
scendental equation. 

We have (Alt. 71), 

rdy 




which is the differential equation of the cycloid. 

184. If we substitute in the general equations of (Arts. 
114, 115, 116, 117), the values of dx, dy, deduced from 
the differential equation of the cycloid, we shall obtain the 
values of the normal, sub-normal, tangent, and sub-tangent. 
They are, 

normalPTV— ■^%ry, sub-normal JiiV= VSrji — y^, 

tangent P7'=-^7^^=, sub-tangent TR=--=^==. 
i/2ry — y^ ■\/%ry — i^ 

These values are easUy constructed, in consequence of 
tiieir connexion with the parts of the generating circle. 

The sub-normal RN, for example, is equal to PQ of 
the generating circle, since each is equal to •sj'i/ry — y^ : 
hence, the normal FN and the diameter GN intersect 
the base of the cycloid at the same point. 
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Now, since ihe tangent to the cycloid at the point P is 
perpendicular to the normal, it must coincide with the 
chord PG of the generating circle. 

If, therefore, it be required to draw a normal or a tan- 
gent to the cycloid, at any point as P, draw any line, as 
ng, perpendicular to the base AL, and make it equal to 
the diameter of the generating circle. On ng describe a 
semi-circumference, and through P draw a parallel to the 
base of the cycloid. Through p, where the parallel cuts 
the semi-circumference, draw the supplementary chords 
j)n, pg, and then draw through P the parallels FN, PG, 
and PN will be a normal, and FG a tangent to the cycloid 
at the point P. 

185. Let us resume the differential equation of the 
cycloid 



which may be put under the form 

dy _ ■\/2rj/ — y'^ _ 
dx y 



If we make y — 0, we shall have 



and if we make y = 2r, we shall have 
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hence, the tangent lines drawn to the cycloid at the points 
where the curve meets the base, are perpendicular to the 
base; and the tangent drawn through the extremity of tlie 
greatest ordinate, is parallel to the base. 
186. If we differentiate the equation 



dx = 



y^y 



■\/%ry — y 
^garding dr. as constant, we obtain 



= (s^y + %=) VS^^^ - SMilJiAl ; 



or by reducing and dividing by y, 

0-{2ry^y^)(fy + - 
whence we obtain 



2ry - f 

and hence the cycloid is concave towards the axis of 
abscissas (Art. 133). 

187. To find the evoltitc of the cycloid, let us first sub- 
stitute in the general value of 

the value of 3?y found in the last article : we shall tlien 
have 

R — 'i^{ryY— 2 ■<J^ry: 

hence, the radius of curvatui^e corresponding to the ex- 
tremity of any ordinate y, is equal to double the norma!. 
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The radius of curvature is wJicii y = 0, and equal tc 
twice the diameter of the generating circle for y = 2r: 
hence, the length of the evolute curve from A to A' is 
equal to twice tlie diameter of the generating circle. 

Substituting the value of ^y in the values of y~^, 
x—it (Art. 17S), we obtain 



y-^ = ^y, 
hence we have 



= — 2-V'iiry — y'^; 



^«-2V-2r^-j3^ 



Substituting these values of y and x in the transcen- 
dental equation of tl\e cycloid, we have 



= v^r-sni"" 



H-V V-2;/ 



which is the transcendental equation of the evolute, re- 
ferred to the primitive origin and the primitive axes. 

Let us now trans- 
fer the origin of co- 
ordinatestotbepoint 
A', and change at- 
the same time the 
direction of the posi- 
tive abscissas : that 
is, instead of estima- 
ting them fiom the 
left to the right, we will estimate them from the rigi. 
to the left. Let us designate the co-ordinates of tl 
evolute, referred to the new axes A' M, A'X', by »' and f> 
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Since A'X'^ AM= the semi-circumference of the gene- 
rating circle, which is equal to tt, we shall have, for the 
abscissa A'R' of any point P', 

A'R'=i^ = r^—», hence, n — r^ — af: 

and for the ordinate, we shall have 

hence, j3— — Sr-I-^J', or — j3 = 2j' — j3'. 

Substituting these values of * and |S in the tranacen 
dental equation of the evolule, v^e obtain 



= ver-sin-' (2r — p') + V2rli' — ^'\ 



or *'— JTT — ver-sin"''(2r — (3')— VSr^' — ^'^ 

But the arc whose versed-sine is Sr — p', is the supple 
ment of the arc whose versed-siue is (J', hence 

«' = ver-sin""' j3'— V2rfi' — ^''^, 

which is the equation of the evolute refeiTed to the new 
origin and new axes. 

But this equation is of the same form, and involves the 
same constants as that of the involute : hence, the evolute 
and involute are equal curves. 

Of Spirals. 

188. A spiral is a curve described by a point which 
moves along a right line, according to any law whatever, 
the line having at the same time a uniform angular motion. 
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Lot ABC be a straight 
line which is to be turned 
uniformly around the 
point A. When the 
motion of the line be- 
gins, let us suppose a 
point to move from A 
along the line in the 
direction ABC. When 
the line takes the posi- 
tion ADE the point will 

have moved along it to some point as D, and will have 
described the arc AaD of the spiral. When the line 
takes the position AD'E' the point will have described 
the curve AaDD', and when the lino shall have comple- 
ted an entire revolution the point will have described the 
curve AaDD'B. 

The. point A, about which the right line moves, is 
called the pole ; the distances AD, AU, AB, are called 
radius-vectors, and if the revolutions of the radius-vector 
are continued, the generating point will describe an in- 
definite spiral. The parts AaDD'B, BFPC, described in 
each revolution, are called spires. 

189. If with the pole as a centre, and AB, the distance 
passed over by the generating point in the direction of the 
radius-vector during the first revolution, as a radius, we 
describe the circumference BEE', the angular motion of 
the radius-vector about the pole A, may be measured by 
the arcs of this circle, estimated from B. 

If we designate the radius-vector by u, and the measur- 
ing arc, estimated from B, by t, the relation between u 
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and t, may in general be expressed by the equation 

u = at", 

in which n depends on the law according to which the 
generating point moves along the radius- vector, and a on 
the relation which exists between a given value of u and 
the corresponding value of t. 

190, When n is positive the spirals represented by the 
equation 

will pass through the pole A. For, if we make t — 0,we 
shall have w — 0. 

But if n is negative, the equation will become 

u-at , or w=— , 
in which we shall have 

u-<a for t-0, 

and u — for t—cc: 

hence, in this class of spirals, the first position of the 
generating point is at an infinite distance from the pole : 
the point will then approach the pole as the radius-vector 
revolves, and will only reach it after an infinite number of 
revolutions. 

191. If we make n — l, the equation of the spiral be- 
comes 

u = at. 

If we designate two different radius- vectors by vf and 
m", and the corresponding arcs by f and (", we shall have 

m' - at', and m" = at", 
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u" :: tf : t"; 



that is, the radius-vectors are proportional to the measur- 
ing arcs, estimated from the point B. This spiral is 
called, the spiral of Archimedes. 

192. If we represent by unity the distance which the 
generating point moves along the radius-vector, during one 
revolution, the equation 

will become 



But since t is the circumference of a circle whose 
radius is unity, we shall have 



and consequently, 



1 



/ 

[X 



M 



193. If the axis BB, of 
a semi-parabola BCD, be 
wrapped around the circum- 
ference of a circle of a 
given radius r, any abscissa, 
as Bb, will coincide with 
an equal arc Bb', and any 
ordinate as ba, will take the 
direction of the normal Ab'a'. 
The curve Ba'(/, described 

through the extremities of the ordinates of the parabola, is 
called the parabolic spiral. 

The equation of this spiral is readily found, by observing 
that the squares of the lines b'a', c (/, &c,, are propor- 
tional to the abscissas or arcs Bb', Be . 
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If we designate the distances, estimated from the pole 
A, by w, we shall have 1/a' = u-^r: hence, 

{u-rf^2pt, 

is the equation of the parabolic spiral. 

If we suppose r = 0, the equation becomes 

u^ = 2pt. 

If we make n= — 1, the general equation of spirals 
becomes 

u = at~', or ut — a. 

This spiral is called the hyperholic spiral, because of the 
analogy which its equation bears to that of the hyperbola, 
when referred to its asymptotes. 

194. The relation between u and t is entirely arbitrary, 
and besides the relations expressed by the equation 

u — at", 
we may, if we please, make 

t = logM. 

Tlie spiral described by the extremity of the radius-vec- 
lor when this relation subsists, is called the logarithmic 
spiral. 

195. If in the equation of the hyperbolic spiral, we 
make successively, 

(=1, =-, =-, =-, &c., 
2 3 4 

we shall have the corresponding values, 

u = a, u = 2a, u^3a, u- 4a, &.c. 
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spiral as P draw PM perpendicular to AB, we shall 
then have 

PM = usiaMAP ^usint. 

If we substitute for u its value — , we shall have 



proach to unity, and the value of the ordinate PM will 
approach to a or CM: hence, the line DC approaches 
the curve and becomes tangent to it when i — 0. Bui 
when t = 0, u — ca; hence, the line DC is an asymptote 
of the curve, 

196. The arc which measures the angular motion of iho 
radius-vector has been estimated from tlie right to the left, 
and the value of t regarded as positive. If we levolve 
the radius-vector in a contrary direction, the measuring 
arc will be estimated from left to right, the sign of t will 
be changed to negative and a similar spiral will be de- 
scribed. The line DC is an asymptote to the hyperbolic 
spiral, corresponding to the negative value of t. 
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197, Let us now find a general value for the subtan- 
gent of any curve referred to polar co-ordinates. The 
subtangent is the projection of the tangent on a line 
drawn through the pole and perpendicular to the radius- 
vector passing through the point of contact. 

Tlie equation of the curve may be written under the 
•^orni 

»=/(!)■ 
in which we may suppose t the independent variable, and 
its first differential constant. 

Let AO = 1 be tlie radius of 
the measuring circle, FT atan- 
gent to the curve at the point F, 
and A T drawn perpendicular to 
the radius-vector AP, the sub- 
tangent. 

Take any other point of the 
cui-ve as J", and draw AF'. 
About the centre A describe the 
arc PQ,anddraw thechordPQ. 
Draw also the secant FF' and 
prolong it until it meets AT, 
drawn parallel to QF, at 3*. 

From the similar triangles QPF', AT'F', we have 




hence, 



PQ : QP' :: 
PQ~ 



AT' : AF; 

AF 
^ AT'' 



But when we pass to the limit, by supposing the point 
F to coincide with P, tlie secant TPF' will become the 
tangent FT, and AT will become the subtangent AT. 
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But under this supposition 
the arc NN' will become equal 
to dt, the arc FQ to the chord 
PQ (Art. 128), AP' to u, and 
the line QP' to du. 

To find the value of the arc 
PQ, we have 



I : NN' :: AP : 



cPQ; 



I L dt : : u : arc PQ, 

and PQ = udt. 

Substituting these values, and passi 
have 

du _ u ^ 
''udt^Tf' 




' to the limit, we 



hence, we have the sub tangent 



198. If we find the value of u^ and du from the gen- 
eral equation of the spirals 
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In the spiral of Archimedes, we have 
w = l, and a= — ; 

hence, AT= — . 

3-3- 

If now we make ( = 2t= circumference of the mea- 
suring circle, we shall have 

^r— 2ir— circumference of measuring circle. 

After m revolutions, we shall have 

( = 2m^, 
and consequently, 

that is, the suhtangent, after m revolutions, is equal to 
m times the circumference of the circle described with 
the radius-vector. This property was discovered by 
Archimedes. 

199. In the hyperbolic spiral k — — 1, and the value of 
the subtangent becomes 

AT=-a; 

that is, the subtangent is constant in the hyperbolic spiral. 

200. It may be remarked, that 

AT _ udt 
AF ~ du 

expresses the tangent of the angle which the tangent makes 
with the radius- vector. 
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In the logarithmic spiral, of which the equation is 
(^logw, 

we have dt=:A — ; 

AT udt , 
hence, -^ = — =1; 

that is, in the logarithmic spiral, the angle formed by the 
tangent and the radius-vector passing tlirough the point of 
contact, is constant; and the tangent of the angle is equal 
to tlie modulus of the system of logarithms. If t is the 
Naperian logarithm of u, the angle will be equal to 45°. 

201. The value of the tangent in a curve referred to 
polar co-ordinates, 



ifferentia] 
ave 



203. To find the differential of the ajc, which we will 
represent by z, we have 



or, by substituting for QP' and PQ then- values, and 
passing to the limit, we have 
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203. The diffcrenlial of tlie 
area ADP when referred to the 
Dolar co-ordinates, is not an ele- 
mentary rectangle as when re- /'' 
ferred to rectangular axes, but ;' 
is the elementary sector APP'. \ 

The limit of the ratio of the 
sector APP' with the arc NN', 
will be the same as that of 
either of ihe sectors APQ, 
AP"P' between which it is 
contained, with the same arc 
NN'. Hence, if wc designate 
the area by s, and pass to the limit, ■ 

ds APxPQ_n^ 




dt 



2NN' 



which is the differential of the area of any segment oi a 
spiral. 

Of Tangent Planes and Normal Lines to Surfaces. 

204. Let u = F{a:,t/,z)-0, 

be the equation of a surface. 

If -through any point of the surface two planes be passed 
intei-secting the surface in two curves, and two straight 
lines be drawn respectively tangent to each of the curves, 
at their common point, the plane of these tangents will be 
tangent to the surface. 

205. Let us designate the co-ordinates of the point at 
which the plane is to be tangent by a/', y", z". 
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Through this point let a plane be passed parallel to tlie 
co-oidinate plane YZ. This plane will intersect the 
smface in a curve. The equations of a straight hne tan- 
gent to this curve, at the point whose co-ordinates are 
a/', y", z", are 



r = <^'=«", ,-," = S(^_^-); 



the first equation represents the projection of the tangent 
on the co-ordinate plane ZX, and the second its projec- 
tion on the co-ordinate plane YZ (An. Gcom. Bk. IX. 
Art, 70). 

Throtigh the same point let a plane be passed parallel to 
the co-ordinate plane ZX, and we shall have for the 
equations of a tangent to the curve 

The coefficient -^ ' represents the tangent f tl a le 
which the projection of the first tangent on the d te 

plane YZ makes with the axis of Z ; and the i; ffi e t 
— represents the tangent of the angle which tl e j j in 
of the second tangent on the plane ZX mak s th ti e 
axis of Z (An. Geom. Bk. VIII, Prop. II). 

But these coefficients may be expressed in f t o s f 
the surface and the co-ordinates of its points. For, we 
have 

a = /(»,,y,2)=0, 

and if we suppose x constant, we shall have (Art. 87) 
, du J , du , 
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and if we suppose y constant, we shall find, in a similar 
manner, 



dz du 

hence, the equation of the projection of the first tangent on 
the plane of YZ becomes 

du 

y-y --^^'-'^^' 

dy 
and the equation of the projection of the second tangent 
on the plane of ZX is 

du 

,, dz , 



-(.-^'). 



The equation of a plane passing through the point whose 
co-ordinates are a/', y", s" is of the form 

A{a>-a/')^B{y-y") + C{z~z") = Q, 



the trace on the co-ordinate plane YZ makes with the 
axis of Z, and — t''^^ tangent of the angle which the 
trace on tlie plane of ZX makes with the axis of Z. 
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But since the tangents are respectively parallel to the 
co-ordinate planes YZ, ZX, their projections will he 
parallel to the traces of the tangent plane : therefore, 

du du 

B~ du' 





d, 




dz 






du 




du 




c _ 


dx 


-A = - 


du 
dz 




Substituting these values 


of B and A in the 


equation 


of the plane, 


and reducing, v 


re Slid 






{z-z 


")£+<^-^)£+<- 


„J,U 


0, 



which is the equation of a tangent plane to a surface at a 
point of which the co-ordinates are x", ij', z". 

206. A normal line to the surface being perpendicular 
to the tangent plane at the point of contact, its equations 
will be of the form 

du du 

,, dx , „. dy , ,,. 
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Ijitegraiion of Differential Monomials. 

207. The Differential Calculus explains the method of 
finding the diiferential of a given function. The Integra] 
Calculus is the reverse of this. It explains the method 
of finding the function which corresponds to a given 
differential. 

The rules for the differentiation of functions ai-e explicit 
and direct. Those for determining the integral, or func- 
tion, from the differential expression, are less direct and 
are deduced by reversing the process by which we pass 
from the function to the differential. 

208. Let it be required, as a first example, to integrate 
'-he expression. 

We have found (Art. 33), that 

d(xr*')-im + l)x''dx, 

whence, x ax = —- — a[ — -— }, 

m + l Vrn + l/ 
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aiid consequently -- — -, 

■ I the function of which the differential is ofdis. 

The integration is indicated by placing llie character / 
lefore the differential which is to be integrated. Thus, 



fcom which we deduce the following rule. 

To integrate a monomial of the form x'"dx, augment 
the e!sponent of the variable by unity, and divide by the 
exponent so increased and by the differential of the 
variable. 

209. The characteristic / signifies integral or sum. 
The word sum, was employed by those who lirst used the 
differential and integral calculus, and who regarded the 
integral of 

afdx 

as the sum of all the products which arise by multiplying 
the mth power of x, for all values of x, by the con 
stant dm- 

310. Let it be required to integrate [he expression — . 
We have, fi:ora the last rule, 



1 similar manner, we find 
fdx v'a;= = fx'^dx ^ -|— 
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311. It has been shown (Art. 22), that the differential 
of the product of a variable multiplied by a constant, is 
equal to the constant multiplied by the difFerential of the 
variable. Hence, we may conclude that, the integral of 
the product of a differential by a constant, is equal to the 
constant multiplied by the integral of the differential: 
that is, 

f ax^dx = a f x'^dx ^ a . 

Hence, if the expression to be integrated have one or 
more constant factors, they may be placed as factors with- 
out the sign of the integral 

212 It has also been shown (\rt 22), that every con- 
atant quantity connected with the vaiiable hj the sign 
dIus or minus, «iO disappear m the differentiation, and 
hence, the differentn! ot a + a,", is the s^me as ihat of 
a;", M2 rnx'^'di. Conaeqiienth , the same difteienti-il 
miy an=!wer to seieial integral funclions diffeimg from 
each other in the v due oi the constant tPrm 

In passing theiefoie, from the diftereutial to the iiitegrdl 
01 function, we mu'^t annp\ to the first integral obtimed, 
a con&tant term, and then find such a lalue for this term 
as will characterize the particular integral sought. 

For example (Art. 94), 



dx 



dy = adx. 



is the differential equation of every etiaight line which 
malfes with the axis of abscissas an angle whose tangent 
IH a. Integrating this expression, we have 
13 
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or y = ax, 

or finally, y =; oa? + C. 

If now, the required line is to pass through the origin 
of co-ordinates, we shall have, for 

x — 0, y = 0, and consequently, C = 0. 

But if it be required that the line shall intersect the axis 
of Y at a distance from the origin equal to + h, we shall 
have, for 

3? = 0, y ■= -\-h, and consequently, C = + 6 ; 
and the true integral will be 

If, on the coiilrary, it were required that the right line 
should intersect the axis of ordinates below the origin, we 
should have, for 

a; = Q, y= — b, and consequently, C= — bi 

and the true integral would he 

213. It has been shown (Art. 95), that 
xdx + ydy = 

is the differential equation of the circumference of a circle 
By taking the integral, we have 

f xd3:-^fydy = Q, or 3?-{-f=0, 

orfinaUy, 3? + f-VC=Q. 
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If it be required that this integral shall represent a given 
circumference, of which the radius is R, we shall have, 
by making 

3^ = 0, f=-C^R% 
and hence, C = — R^; 

and consequently the true integral is 

3p-^f-R^ = 0, or ar' + i/^ = R\ 

The constant C, which is annexed to the first integral 
that is obtained, is called an arbitrary constant, hhcm.se 
such a value is to be attributed to it as will cause llie 
required integral to fulfil given conditions, which may be 
imposed on it at pleasure. 

The value of the constant must be such, as to render 
the equation true for every value which can be attributed 
to the variables, 

214. There is one case to which the formula of Art. 208 
does not apply. It is that in which wt = — 1 . Under tlus 
supposition, 

0^ 1 



and 



/-■<'-=^ 


- = : 


-X + 1 


" 


when i> 


i^-l. 










JifcU^ 


= /-- 


■W:! = 


^/?. 



/— ^loga?+C. (Art. 57). 



215. Since the diiFcrential of a function composed of 
several terms, is equal to the sum or difference of the diife- 
rentials (Art. 27), it follows that the integral of a differen.^ 
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tial expression, composed of several terms, is equal to the 
sum or difference of the integrals taken separately. For 
example, if 

du=adx -g- + w\/xdiv, we have 



■V 



and 



216. Every polynomial of the form 

{a + bx+ca^-\- 6ic.)"dx, 

in which ?i is a positive and whole number, may be inte- 
grated by the rule for monomials, by first raising the poly- 
nomial to the power indicated by the exponent, and then 
multiplying each terra by dx. 

If, for example, we make w — 2, and employ but two 
terms, we have 

f{a + hxfdx=f{a^dx+2ahxdx + bWdx), 



Integration of Particular Binomials. 

217. If we have a binomial of the form 

du = {a-\- bn^faf^^dx ; 

that is, in which the exponent of the variable without the 
parenthesis is less by unity than the exponent of the vari- 
able within, we may make 
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. + hx" — z, which gives 



nbaf 'dec = dz, or a?" ' tic — — ^ ; 
no 



whence du = z'"—, 



' nb' {m + l)nb' 

and consequently 

(jft+l)wi 

Hence, the integral of the above form, is equal to the bino- 
mial factor with its eayponent augmented by unity, divided 
hy the exponent so increased, into the eccponent of the vari- 
able within the parenthesis into the coefficient of the 
variable. 

For example, 

/(a + 3a^)" xdx = ^""^ ^^^^ + C; and 
f{a + ba?fmxdx='^^{a + b:^f + C. 

218. A transformation similar to that of the last aiticle 
will enable us to integrate certain differentials correspond- 
ing to logarithmic functions. If we have an expression of 
the form 

, adx 

du =z — , 

c-\-bx 

dz 
make c-^bx = z, which gives dx = -rr-, andbysub- 



r adx _ fadz_a fdz_a_, 
J c + bx^ J b z ~ bJ z^b 
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and by substituting for z its value 
In a similar manner, we should find 

in which the integral is negative, since d{^-^x)= —dx. 

We can find, in a similar manner, the integral of every 
fraction of which the numerator is equal to the differential 
of the denominator, or equal to that differential multiplied 
by a constant. 

If, for example, we have 

, _ (& + Zcx) mdce . 
ffl + Ja! + ca? ' 

make a + bx-V C!r? = z, which gives, hdx + 2cxdx = dz, 
and hence, 



and by substituting for z its value 

M = mlog {a + bx + C3?). 

Of DiffererUials whose Integrals art expressed hy 
the Circular Functwns. 

219. We have seen, Art. 71, tliat if x designates an arc 
and u the sine, to the radius unity, we shall have 
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hence, / — . ■ "■ —x+C; 

J Vl-M^ 

or adopting the notation of Art, 72, 

If the arc expressed in th'e second member of the equa- 
tion be estimated from the beginning of the first quadrant, 
ihe sine will be 0, when the arc is 0, and we shall have, 
for u^O 

/— — = 0, and consequently C~0, 
Vl—u^ 

and under this supposition, the entire integral is 

/du . _, 

■ , . == sm 'm. 
VI- M* 

To give an example, showing the use of the arbitrary 
constant, let us suppose that the arc which is to be ex- 
pressed by the second member of the equation, is to be 
estimated from the beginning of the second quadrant. This 
supposition will render 

But when w = 1, sin~'M ~ — t ; hence, 

|, + C = 0, or C=— Ix: 

and we have, for the entire integral, under this supposition, 
r du _ . _, 1 
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220. It frequently happens that we have expressions to 
integrate of the form 



Let us suppose, for a moment, that a is the radius of a 
circle, and z the sine of any arc of the circ.e ; and that w 
is the sine of an arc containing an equal number of degrees 
in a circle whose radius is unity : we shall then have, 



hence, u = 

and consequently, 



/du _ r dz 
vrrt'-Jv7^ 



hence, 

the arc being stiU taken in a circle whose radius is unity. 

221. We have seen (Art. 71), that if te designates an 
arc, and u the cosine, to the radius unity, we shall have 
, _ du _ 

hence, / -■- ■ ■ ■ = x + C ; 

or adopting the notation of Art. 72, 
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If the arc be estimated from the beginning of Llie first 
quadrant, it will be equal to —w for m = ; hence, the 
first member of the equation becomes equal to — a- when 
M ~ 0. But under this supposition, cos~' w - —n- : hence, 
C = 0, and the entire intes 



322. By a method analogous to that of Art. 320, we 
should find 



/- 



V?: 



the arc being estimated to the radius unity. 

233. We have seen (Art. 71), that if cc represents an 
arc, and u its tangent, to the radius unity, we have 

, _ du 

hence, ( - ^ = a:-\-C: 

or, adopting the notation of Art. 72, 



/. 



If the arc is estimated from the beginnmg of the first 
quadrant, we shall have 



/du 



; hence, C = 0, 
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and the entire integral is 

r ^" . -1 

I ;, — tailff u. 

224. To integrate expressions of the form 

dz 
a^ + z^' 

let us suppose for a moment tliat « is the radius of a circle, 
and z the tangent of any arc, and that U is the tangent 
of an arc containing an equal number of degrees in a circ'e 
whose radius is unity : we shall then have, as in 
(irt. 220), ^ 

hence, « - 

and consequently, 

/du r dz . _, « 

IT? = "-/?+?='"'' T' 

hence, by dividing by a, 

/dz ] ,z 

-^- — 5- = — tang — , 
cf + z^ a ° a 

the arc being estimated to the radius unity. 

225. We have seen (Art. 71), that if x lepresents an 
arc, and u the versed-sine, to the radius of unity, we have 

dx~ 



V2u- 
du 



, r du 

hence, / ,.. . ■ ~ x 
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and if ihe arc is estimated from the beginning of the first 
quadrant, C — 0, and we shall have 



/du 



i6. To integrate an expression of the form 
dz 



VZaz-z^' 
Suppose, as before, a to be the radius of a circle, and 
we shall have (Art. 230), 

— " rl —^^ ■ 

and consequently, 



/ du _ /•_ 

to the radius unity. 



Integration hij Series. 

227. Every expression of the form 
Xdx, 
in which X is such a function of x, that iE can be developed 
in the powers of x, may be integrated by series. 

For, let us suppose 

X = Ai^ + Bx''+Caf + Daf' + &c., then, 
Xdx = Aafdx + Ba^dx + Cx'dx + Dx^dx + &c,, 

C + 1 a+l 
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Hence, the integration by series is effected by develop.- 
ing the function X in the powers of x, multiplying the 
series by dx, and then integrating the terms separately. 

Let us take, as a first example, , 

— dx X = da:(a -\- x)~', 

a+x a+x 

I X a? a? 

and consequently, 

/dx Cr I , xdx , a^dx a^dx , „ \ 
——-J [—da:-~-^ + -^ ^ + &c.J: 

and integrating each term separately, we obtain 
Ja + cc a 2a^ 3a^ 4«' 

and remarldng that f-^ ^ log(« + '>') (A^- 218), 
we have 

log(<. + ^) = f-~ + ^.-^. + &c. + C. 

To determine the value of the constant, make x= 0, 
which gives 

loga = 0+C, or C = loga; hence, 

log(« + '») = Iogo + -|— ^, + ^-^.+ &o., 

log(o+^) - l.g<.=log (l + ^) = -5- ~ i + ij- &c, 
a result which agrees with the development in Ait. 58. 
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S28. Let us take, for a second example . 

We have, —^ — dx{\ + a?^)~' ; 

and by developing and integrating. 

When we make w = 0, the arc is ; hence, 

3-3 a.' a.' 
tang 'cc=x~ — + j — + &C.; 

a result which corresponds with that of Art. 78. 

229. If, in the expression ■ ■■ ■-^, we place a? in the 
first term of the binomial, and then develop the binomial 
a^ + 1, we obtain 

J aP + l J \x^ a!' aP Of / 

and by integrating, we have 

tang- 'a! ^ 

To find the value of the constajit C, let us make the 
arc =90° = -w. This supposition will render the tan- 
gent X infinite, and consequently every term of the series 
will become 0, and the equation wiU give 

— x = 0+C, or C^-i-fT. 
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Making this substitution, we have, for the true inte 



/dx 
—. — — t; 



dx 



230. The two series, found from the expressions 

dec ^ 1 + 

and -= , are, as they should be, essentially the same. 

For, the tangent of an arc multiplied by its cotangent, 

IS equal to radins square or unity (Trig. Ait. XVIII), 

Hence, if we substitute for x, in the first scries, -, we 

shall have, for the complemental arc, 



and subtracting both members Irom - t, 

1 .-,1,-1 1 1,1 

_.,_,ang - = t.ng » = _.--+^ 

231. We have found (Art. 71), 



(l-iT'ia!; 



and by developing, we find 

multiplying by dx, and integrating, we obtain, 

sui x — x-^— .- -H . — . h&c, 

^332 45^2 4 67 
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the constant being when the arc is estimated from tiie 
beginning of the first quadrant. 

If we take the arc of 30°, the sine of which is equal 
to half the radius (Trig. Art. XIV), we shall have 

^11 1 11 3 1 J_ 

hence, 

. ■ !„«., ^^1 1-i-l l-!i.l-l 1.3.5.1.1 , . \ 

«■= 6sin 30° = 6( --I 1-— 4-^ — — h&c ). 

V2^2.3.2''^2.4.5.2''^ 2.4.6.7.2'^ / 

and by taking the first ten terms of the series, we find 

tr 1^3. 1415962, 

which is true to the last decimal figure, which should be 5. 

232. We will add a few more examples. 

1. To integrate the express- — 



By making vx = u, we have 

dx dx 2 du 



■V'x — a? -/^Vl 
But from the last series 
2du 



2du „/ , 1m' 1 32(= , 1 3 5m\ „ \ , ^ 

/, , la? 13a^ 1 35a? , „ \ ^ . ,. 
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But 

\ 2a) ~ 2 2a S'44a^ S.4.6 Sa^ '^"' 



fda;V2ax-i)!' = 



.i-.J_.±.£^_&c.^v^ + C; 
3 4 6 9 8«'^ J^ 



and consequently 

M/s;?35=(|_±._____._.__^ 



3 ■ 4 ■ 6 ■ 9 8a' 



' 2 ■ 4 ' 7 ■! 
/3^+C. 



If the radius of a circle be represented by a, and the 
origin of co-ordinates be placed in the circumference, the 
equation will be (An, Geom. Bk. Ill, Prop. I, Sch. 3), 

y^ = 2ax — ar'; hence y = V^x — a,\ 

and consequently (Art. 130) 

is the differential of a circular segment. 

If we estimate the area from the origin, where x = 0, 
we shall have C = 0. If then we malte x = a, the series 
will give the area of one quarter of the circle, if we maite 
jc — Sra, qf the semicircle. 

dx ^y? 1.3:^ _ 



r dx 
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f dx _ 1 1.3 1.3.5 ^^ 

'■^ Vaf^h"^ 2.2a^ 2AAcc* 2.4.6.^*' '^ ' 



Integi-aHon of Differential Bmomials. 

234. Differential binomials may be represented under 
tlie general form 

in which, without affecting the generality of the expres- 
sion, m and n may he regarded as entire numbers, and n 
as positive. 

For, if ra and n were fractional, and the binomial of 
the form 

x^dx{a + bx''y 

make x ^ z^, that is, make the exponent of z the least 
common multiple of the denominators of the exponents 
of X, and we shall then have 

x'^ dx{a + bx''y ^ C,z'de{a + 6^=)% 

in which the exponents of the variable are entire 
If n were negative, we should have, 

cif"'dx(a-]-bx-"y, 

and by malting a; ~ ^^ we shouM obtain 

-z—'dz{a + b::^A 

the same form as before, 

14 
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Furthermorej llie binomial 

x'"-'^ dx{aar + baf)' 
may be reduced to the form 

by dividing the binomial within the parenthesis by w', and 
multiplying the factor without by ic' . 
' 235. Let us now determine the cases in which the 
binomial a:°"''da!{a + 6a^")' has an exact integral. 
Make a + bx' = :^ ; we shall then have 

and by differentiating, 

no \ b / 
hence 

.f.-<t(«+j^)f=|...«-<i«(i:^)- ', 

which will have an exact integral in algebraic terms when 

— is a whole number and positive (Alt. 216). If — is 
n ^ ' ra 

negative see Art. 260. 

Hence, every differential binomial has an exact inte- 
gral, when the exponent of the variable without the paren 
thesis augmented by unity, is exactly divisible by the 
exponent of the variable within. 

Thus, for example, the expression 

afidx{a + b.i?f 



Hcssdb, Google 



INTEGRAL CALCULUS. 209 

has an exact integral. For, hj comparing it with the 
general binomial, we find 

m = 6, M — 3, and consequently, — = 3, 

and the transformed binomial becomes 



2b 






236. There is yet another case in which the binomial 
w'^'da:{a+bx"y' has an exact integral. 

If we multiply and divide the quantity within the paren 
thesis by sf, we have 

= af~'dx{ax~" + by tx'^ 

= x'°'^^~'dx(ax-" +by, 
Now, if we add unity to the exponent of x without the 
parenthesis, and divide by — n, the quotient will be 

— ( ^ \ ^'^^ ^'^'^ expression will have an exact 

integral when this quotient is a whole number (Art. 2'S5). 

Hence, every differential binomial has an exact integral, 
when the expotient of the vanahle without the parenthesix 
augmented by unity and divided by the exponent of the 
vai table within the parenthesis, plus the exponent of the 
putenthesis, ?s an entire nvmher 

237 The integration of differential binomials is effected 
by resolvmg them into two parts, of which one at least has 
a known integral. 

We have seen (Art. S8) that 

d{uv) — udv + vdu, 
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whence, by integrating, 

uv —Judv +Jvdu, 
and, consequently, 

fndv — uv —fvdii. 

Hence, if wc have a differential of the form Xd.x, in 
which the function X may be decomposed into two factors 
P and Q, of which one of them, Qdx, can be integrated, 
we shall have, by making / Qdx — v and P — u, 

JFQdx = Pv-JvdP, 
in which it is only required to integrate the term fvdP. 

833. To abridge the results, let us write p for ■^, in 
which case p will represent a fraction, and the differential 
binomial will take the form 



If now, we multiply by the two factors m" and. a? ", the 
value will not be affected, and we obtain 

Now, the factor a!"~'d!i!{a + bx")'' is inlegrable, whatever 
be the value of p (Ait. 217) ; and representing this factor 
by dv, we have 

^Ja±b^ and « = ^-, 
{p+l)nb' 

and, consequently, 

f a^-'dx{a + bx°y ^ 

i — _ f— — , — i-f^ ^dxia + oxY* . 

{p^l)nb {p-^\)nb'^ ^ ^ ' 
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But, faf-"-'dx{a + bafy*'=^ 

Jx''~"~'dx{a + bx"y{a + haP) = 
afcr—-'-dx{a + baf)''-{-b/x''-'d3;{a + bx''y; 

substituting this last value in the preceding equation, and 
collecting the terms containing the integral 

fx^-'dxia + b^y, 



('+T7+Ts)^"'""''^(» + ">'^ 



3;""'"(£[ + bx^ y^^ ~a(m — n) f T,'"''"~^ d x{a + bxy _ 
{p^\)nb ' 

whence, 

formula (A.) /x'"-'(fe(a + 6a^)''^ 

af-'{a + b3^'y^^-a{m-n)Jx'"''~^dx{a-\-bx"y 
b{pn + m) 

This formula reduces the differential binomial 

/ar^^dx{a + bary to that of f x"-'-'' dx{a + baf'y ; 

and by a similar process we should find 

far-"-'dxia + ba"y to depend on /9^-''"-'dc(a + bx"f, 

and consequently each process diminishes ihe exponent 
of the Tariable without the parenlhesis by the exponent 
of the variable within 

After the seccnd integration the factor m — n of the 
second term, will become m—2n and ifter the third 
m — 3k, &c. If w is a multiple of v the factor m — n 
m — 3n, m — 3n, &.c w 11 hnallybeccme equal to t d 
then the differential into wh ch il is multiphed will d sap 
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pear, and the given differential will have an exact integral 
which corresponds with the result of Art. 235. 

239. Let us now determine a formula for diminishing 
the exponent of the parenthesis. 

We have 

far-'dx{a + bary ^/a^-'dx{a + barY~\a + bsf) ^ 
a/ar-'dx{a + baf)"-' + bfx'"*''-'dx{a + ta;")"-'. 

Applying formula (A) to the second term, by placing 
m + n for m, and p — 1 for ^, we liave 

far*"-'dx{a + bar)''-' =: 
x-"(a + bx")" - amfar-'dx{a + ha^)'-' 
b(pn + m) 

Substituting this value in the last equation, we have 

formula (B) /x'°-^d!>:(a + bx")" = 

,if"{a + ba!'')''+pnafx''~^dx{a + ba"y~^ 
pn + m ' 

which diminishes the exponent of the parenthesis by unity 
for each integration. 

340. By means of formulas (A) and (B), we reduce 
f^-^dx{a-\-bary to fc>f'-'"-'dx{a-<rbaf)''-; 

m being the greatest multiple of n which can be talten 
from m— 1, and s the greatest whole number which can 
be subtracted from p. 

For example, Jx'dx{a + bc^'y is reduced, by formula 
(A), to 

Ja^dxia + bx'Y, and then to Jxdx{a + haf)^ : 
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and by formula (B) fscda!{a + ba^)'^, reduces to 
f xdxia + h'j?')^ , and finally to /xdsc{a + ba^y. 

S41. It is evident that formuLis (A) and (B) will only 
diminish the exponents ot — 1 and p, when m and p are 
positive. We will now determine two formulas for dimin- 
is.'iing these exponents when they are negative. 

We find from formnla (A) 

a{m-n) 

and placing for m, — m + K, we have 

formula (C) fx-'-^dw{a^lx''Y = 

ar'^ia + bafy*' + b{m-n~np)J x-'"+''-^dx{a-\-h^Y 

in which formula, it should be remembered that the nega- 
tive sign has been attributed to the exponent m. 

243. To find the formula for diminishing the exponent 
of the parenthesis when it is negative. 
We find, from formula (B), 

/af-'<&(a + &»")''-' = 
sf(a + ba:''y — {m + np}fx''~'dx(a + bx"y 

writing ioi p, —p + 1, we have 

formula (D) Jar~^dai{a + bar)-' = 

of {a + ba:" y -^' -^(m + n- np)fx-"-'da:{a + 6af )"'■+' 
(p-l)r^a 
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Tills formula does not apply to the case in which j? = 1, 
Under this supposition, the second member becomes infi- 
nite, and the differential becomes that of a trajiscendental 
function. 

243. It is sometimes convenient lo leave the variable in 
ijoth terms of the binomial. We shall therefore detennine 
a particular formula for integrating the binomial 



SoiC — iE°) ''dx = 



This binomial may be placed under the form 

and if we apply formula (A), after making 

m = q+—, n=l, P=--^, a = ^a, b = 
we shall have 

and if we observe that 



and paSs tlie fractional powers of x within the parentheses 
we shall have 

r sil'dx 



formula (E) . 



-V20.T 
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which diminishes the exponent of the variable without llie 
parenthesis by unity. If g is a positive and entire 'num- 
ber, we shall have, after q reductions 



/: 



Vsi 



== — ^ — Ycr-siti-'— . (Art. 226). 



244. Every rational fraction may be written under the 
form 

Far +QV" +R'x-^S' ' 

in which the exponent of the highest power of the varia- 
ble in the numerator, is less by unity than in the denomi- 
nator. For, if the greatest exponent in the numerator was 
equal to or exceeded the greatest exponent in the denomi- 
nator, the division might be made, giving one or more 
entire terms for a quotient and a remainder, in which the 
exponent of the leading letter would he less by at least 
unity, than the exponent of the leading letter in the divisor. 
The entire terms could then be integrated, and there 
would remain the fraction mider the above form. 

Place the denominator of the fraction equal to : that 
is, make 

PV + Q'a^"-' R'x+S'^Q, 

and let us also suppose that we have found the n binomial 
factors into which it may be resolved (Alg. Art. 364). 
These factors will be of the form x ~a, x — b, x — c 
X — d, Sec. Now there are three cases : 
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1st. When the roots of the equation are real and 
unequal. 
2d. When they are real and equal. 
3d. When there are imaginary factors. 
We will consider these cases in succession. 

1st. Wfien the roots are real and unequal. 

345. Let us take, as a iirst example, — ^. 

By decomposing the denominator into its factors, we 
have 

adcc adx 







w''-a? 


(a^~ 


'W 


»+-)' 




and we 


may 


make 












■(^ 


adw 


Hi 


A 


.-rj 


,y- 



in which A and B are constants, whose values are yet to 
be determined. In order to determine these constants, 
let us reduce the terms of the second member of the 
equation to a common denominator; we shall then have 

_ (Ax + Aa + Bx- Ba)dw 



In comparing the two members of the equation, we find 

a = Ax + Aa + Bx — Ba ; 
or, by arranging with reference to x, 

{A + B)x + {A-B-l)a-0. 
But, since this equation is true for all values of x, the 
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coefficients must be separately equal to (Alg. Art. 208) : 
hence 

A + B = 0, and (A--B-l)ffl = 0, 
which gives 

2 2 

Substituting these values for A and B, we obtain 

and integrating, we And (Art. 218) 

/?^ = ¥'°s(— «)-{-l°s(» + °) + c. 

and, consequently, 

T-^^liogf^^U c=iog(^^f + c. 

J x^-a^ 2 ^ Va; + «^ ^ ° V37 4- «/ 

246. Let us take, as a second example, -^^ — -—^dx. 
The factors of the denominator are x and a^ — a^; but 

hence, the given fraction becomes 



Let us now make 



a — x a-\-x 
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reducing the terms of the second member to a common 
denominator, we have 



and, comparing the hlie powers of x (Alg. Art. 208), 

B-A^G = h, Ba+Ca = 0, Aa"^ a\ 
From these equations, we find 

A = a. B=i±l. C=-l±^, 

2 2 

and substituting these vahics, wc obtain 

a'+bse' , dx a + h , a + b , 

and integrating (Art. 218), 

fa^ + hi^ , , « + i, , , 



= a\ogx — {a + b)\og-\/c?~a?^ C. 

33: — 5 
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Resolving llic denominator into the two binomial faclors 
(Alg. Art. 143), (»-2), («-4), we have 

+ . , hence 






and by comparing the coefficients of x, we have 
~5^-iA-2B, Z-A + B, 
which gives 

2 2' 

and substituting these values, we have 

= ~log(i-4)— ilog(»-2) + C. 
248. Let us take, as a last example, 

Resolving the equation 

we find 

v=-2a^ V^M^, a; = - 2a - ^/T'<FT^, 
and consequently, for the product of the factors, 
(a;+2n+ VT^H^) (a^+2<J- l/4^N^'")^a^+4<M-6'. 
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To simplify the work, represent the roots by — K a 
- L, and the factors will then be 



ai + K, x + L, 


and we shall have 




X 


^ . B 


^ + lax^l!' a, 


X A 


ce + AL + Bcc+BK 


a? + 4i»-t"~ 


^ + ica-V' 


whence, 




AL + BK 


^0, A + B=l, 


and, consequently. 






B ^ ■ 
K-L 


hence. 




C xin K . 


<rt^J- rr, — Infr^v-l- 



; a!'+iaw-b'- K-L 

249. In general, lo integrate a rational fraction of the 
form 



X-" +Q'ar-' +R'x+S' 






1st. Resolve the fraction into m partial fractions, of 
which the numerators shall be constants, and the denomi- 
nators factors of the denominator of the given fraction, 

2d. Find the values of the numerators of the partial 
fractions, and multiply each by As.. 
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3d. Integrate each partial fraction separately, and the 
sum of the integrals thus found will be the integral 
sought. 

350. The method which has just been explained, will 
require some modification when any of the roots of the 
denominator are equal to each other. When the roots are 
unequal, the fraction may be placed under the form 



{x-a){x-b){x-c){^-d){a:- 



if several of these roots are equal, as for example, 
K := 6 ^ c, the last equation will become 



{co^anx~d){x-e) 

in which A-\-B-\- C may be represented by a single con- 
stant A'. 

Now, in reducing the second member of the eonation to 
a common denominator with the first, and comparing the 
coefficients of the like powers of x, we shall have live 
equations of condition between three arbitrary constants, 
A', D, and E : hence, these equations will he incompati- 
ble with each other (Alg. Ajt. 103). 

If, however, instead of adding the three partial fractions 

A B C 



which have the same denominator, we go tlirough the 
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process of reducing them to one, their sum may be placed 
under tlie form 

(x-af ' 
or, by omitting tile accents, 

A + Bx+Cx' 
(a! -a)- ■ 

251. Let us now malte 

X — a = s, and consequently, x = z-\-a; 
we shall then have 

A + Bx+C;>? A + B« 4- Ctt' + Bz + 2Caz + Cz' 



(x — df 



substituting for z its value, and representing the numera- 
tors by single constants, we have 

A-VBx-\-C^ A' B' a 

tile fonn under wliicii tiie fraction may be written. 

Since tlie same reasoning will apply to the case in 
which there are m equal factors, we conclude that 

Ft—' + Qj— + fe + {: ^ 

(x-af 

(»,-«)- + (:.-«)- + («-«)■•- ■ ■ ■ ■ ^1-a 
252. In order, therefore, to integrate the fraction 
Faf+ QV + &c. 
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place it equal to 

(x — af (x — uf w — a w — d X ~ e' 

then, reducing to a common denominator, and comparing 
the coefficients of the like powers of x, we find the values 
of the numerators of the partial fractions. Multiplying 
each by dx, and the given fraction may be wriiteti under 
the form 

rzdx+ ^dx + - rdx-] ,dx-\ dx. 

(x~ay [x-ay (x-a) x-d x~e 

The first two fractions may be integrated by the method 
of Art. 217, and the three last by logarithms. Hence, finally, 



/■■ 



■ Pc^ + Qa^ + Rd? -\- Sx + T 

(x-anx-dHx-e) "-- 2{x 
+ A"\og{x - a) + i)bg{a; -d) + Elogix 




reducing the fiactions of the second member to a common 
denoniinator, and comparing Uie coefficients of x in the 
two members, we have 

2a = A' and A + A'a = 0: 
hence, 

A= — 2a'. and A' = 2a; 



Hcssdb, Google 



224 ELEMENTS OF THE 

and, consequently, 

^axdx _ 2a^dx Zadx 

hence, (Arts. S17 & 218), 
f 2axdx 



S54. Let us find the integral of 



+ 2alog(3; + «). 



By placing the denominator equal to 0, we see that, by 
making x — a, the terms will destroy each other : hence, a 
is a root of the equation, and a: ~a a factor. Dividing by 
x~a, the quotient is c^ — (^: hence, the fraction may be 
placed under the form 

x'dx x^dx 



Lot lis now make 

a? _ A A' B 

Reducing the terms of the second member to a common 
denominator, we have 

a^ _ A{x + a) + A'{x'-a'') + Bix-af _ 

{x^aYix+a)- {x-anx + a) 

and developing, and comparing t}ic coefficients of the like 
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powers of x, we obtain the equations 

A' + B^l, i-2So = 0, Aa-A'a^-\-Ba^ = (i. 

Multiplying the first equation by a^, and adding it to the 
third, we have 

Aa-^2Ba' = a^\ 
then multiplying the second by a, and adding it to the last, 



a^ ^= 2Aa, and consequently, A = — a ; 



substituting this value of A, we find 

5 = — and A' = -2-- 
4 4 

Substituting these values of A, A', and B, we have 
a^dx a fix 3dx dx 



and consequently, 

r Mx 0,3,,. 

+ i-log(^ + <.)+C. 

255. We can integrate, in a similar manner, when the 
denominator contains sets of equal roots. Let us take, as ' 
ail esample, 

adx adx 
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Make 

reducing the second member to a common denominator, 
we find the numerator equal to 

A{x+\f^-A\x-\){x+\f+B{x-\f+B'{a:+\to'--^r, 

and comparing the coefficients with those of the numera- 
tor of the first member, we have the following equations : 

A' -{-B' = 0, 
A + A' + B~B'^Q, 
ZA -A'-2B-B'=.0, 
A -A'+ B + B' = a. 

Combining the first and third equations, we find A = B; 
and combining the second and fourth, gives 2A-\-2B =:a: 
hence, we have 

A:=B^^, A'^-A B'=±; 
4 4 4 

consequently, the given differential becomes 

I r dx dx dx dx ~\ 

T^Ua:-!)^ + {x+ir~ ^^ + ^TTJ' 

and by integrating, 

256. If an equation of the second degree has imaginarj 
rootSj the quantity under the radical sign will be essentiallj 
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negative (Alg. Art. 144), and the roots will be of the foiin 

and the two binomial factors corresponding to the roots 
will be 

(a,±:a~h^/^^){x±a + b-xf^T) = a^±2ax + a^ + li'. 
Hence, for each set of imaginary roots which arise from 
placing the denominator of the fraction equal to 0, there 
will be a factor of the second degree of the form 
ar'±2ax + a^ + }?. 
357. If the imaginary roots are equal, we shall have, 

and the factor will become a^+ 6^, 
In the equation, 

the roots are, 

a; — Sc + cv'" I7 a; — 3c — c-\/— 1; 
comparing these values of x with the general form, we 
have 

a = - 3c 6 = c, 

and the given equation takes the form 

a?^Qcx-\- 9c^ + c^ = 0. 
Comparing the roots of the equation, 

with the values of x in the general form, we have 
a = 2, b=^/l, 
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and the equation may be written under the form 

ar* + 437 + 4 + 8 = 0. 

S58. Let us first consider the case in which the deno- 
minator of the fraction to be integrated contains but one 
set of imaginary roots. The fraction will then be of the 
form, 

P+ Qx + Ra^+S^ &c. 



{o!- a) (x-b) . . . . {x- /i}{^+2m: + a^+ ■ 
which may be placed under the form 

Mx + N 



^dw, 



1 + 



x — h aj* + 3a!a; + a^ + i^ 

The first three fractions may be integrated by the methods 
already explained : it therefore only remains to integrate 
the last, which may be written under the form 

Mx + N , 



If we make x + a = z, the expression becomes 
Mz+N-Ma , 



"dz, 



2^+b^ 

and making N — Ma = P, it reduces to 
ilfz+P, 

which may be divided into the parts, 
Mzdz Pdz 

which may be integrated separately, 



Hcssdb, Google 



INTEGRAL CALCULUS. ggg 

To integrate the first term, we have 

fMzdr _ „ f zdz _ M r 2edz 

in which tJie numerator, 2zdz, is equal to the differential 
of the denominator: hence (Art. 318), 

or by substituting for z its value, a; + a, 

/* 

J z^ 



= M log -/a^ + 2ax + tt* + 6^. 
integrating the second term by Art. 224, gives 
■ Pdz P. 



r Pdz P^ _^,^z\ 

ating for s its value, x-\-a, an( 
^have 
r Pdz N^Ma ./x + a\ 



or by substituting for s its vali 
N-Ma, we have 



and finally. 



a^ + 2aa: ^- d^ + b^ 



Mlogv'^+2«^ + «Hi= + ^— tang-" (~^). 
259. Let us take, as an example, the fraction 
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in which, if + 1 be substituted for x, the denominator 
wiO reduce to : hence, 37—1 is a factor of the denomi- 
nator. Dividing by this factor, the fraction may be put 
under the form 

in which t^ -\-ii:-\-\ is the product of the imaginary 
factors. Placing this product equal to 0, finding the roots 
of the equation, and comparing them with the general 
values in the form 



.J_ t = \/4^. 



We may place the given fraction under the form 
c+/j; _ A Mx-VN _ 

reducing the second member to a common denominator, 
and comparing the coefficients of x in tlie nnmerator with 
those of X in the numerator of the first member, we obtain 



Substituting these values of M and iV, as also those of a 
and h, in the general formula of Art. 258, and recollecting 
that 

fjAdx_^c+£ r dx ^c+f-^^^ ^. 
J x-l 3 J x-l 3 ^^ '' 
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/^i=£±/i„g(.-i)-^,„,V?:pirTT 
V3 UVaJ 

260. The equation which arises from placing the d 
nominator of the fraction equal to 0, may give severa. 
pairs of imaginary roots respectively cqUal to each other. 
In this case, the factor a^±2aw + a' + b^ will enter 
several times into the denominator, or will take the form 

{a.^ + 2ax + a' + Fy; 

and hence, that part of the fraction which contains the 
pairs of equal and imaginary roots, must be placed under 
the form (Art. 251) 

H-i-Kx ff + K'o! 

{ar' + '^ax + a'+U'y + (^+ 2(^ + «H i')""' 
H" + K"w , IP + K-x. 



{a^+SaaJ + tt' + i')"-" ^ a? + 2ax + a^ -^}^' 

Now, reducing to a common denominator, and comparing 
ih-Q coefficients, we find the values of the constant-s 

H, K, H', K', H", K" H', K' . . . 

after which, multiply each term by dx, and then integrate 
the terms separately. 

Since all the terras are of the same general form, it will 
only be necessary to integrate the first term, which may 
be written under the form 

H + Kx , 
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which, if wc make x + a~z, will reduce to 
H-Ka + Kz , 

T-^, PKZ ^^> 

{z^+or 

and making M=H— Ka, it will become 
M+Kz , Kzdz 



-dz + ~ 



{b-' + zY " {li' + z-'Y ^{b' + z^r 
The first term of the second member may be placed under 
the form 

Kfib' + ^y^zdz, 
and integrating by the formula of Art. 21 7, we have 

It then only remains to integrate the second term 

By comparing the second member of this equation with 
formula (D), Art. 243, ■we see that it will become identical 
with the first member of that formula, by supposing 
m^l, a = h\ b^l, and n^2; 
and hence, by means of that formula, the exponent — p 
may be successively diminished by unity until it becomes 
— I, when the integration of the term will depend on 
that of 

But we have already found (Art. 224), 
dz^ 



r dz^ 1 .fz\ 
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and hence the fraction may be considered as entirely in- 



S61. It follows, from the preceding discussion, that the 
integration of all rational fractions depends on tlie follow- 
ing forms : 

1st. 



/a;-it = - 


m+l' 




/^ = 


= ±log(» = 


t»). 


/^ 


= — taBg' 


-©■ 



Integration of Irrational Fractions. 

262. The method of integiating rational fractions having 
been explained, we may consider an irrational fraction as 
admitting of integration when it is reduced to a rational 
form. 

263. Every irrational fraction in which the radical 
quantities are monomials, may be reduced to a rational 
form. 

Let us take, as an example, 



Vx—-\/a: 



Having found the least common multiple of the indices 
of the roots, (which indices are the denominators of the 
fractional exponents,) substitute for a? a new variable, z, 
with this common multiple for an exponent, and tlie frac- 
tion win then become rational in terms of z. 
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In the example given, the least common multiple is 6; 
hence we have 

x^z^ and ■\fx=:.z^, ■^=z'', dx = &z''dz; 

and substituting these values, we obtain 

— i— — -5 — ~ &z^dz= — dz 

^-^x ^-z' \-z 

an expression which may be integrated by rational frac- 
tions ; after which we may substitute for z its value, -^x. 

264. If the quantity under the radical sign is a polyno- 
mial, the fraction canuot, in general, be reduced to a 
rational form. We can, however, reduce to a rational 
form every expression of the form 

X ( VT+B^±"C^) dx, 

in which X is supposed to be a rational fanction of x. 

If we write a denominator 1, and then multiply the 
numerator and denominator by yA -\- Bx i 6V, the 
expression will take the form 



in which J^ is a rational function of x: hence the two 
forms are essentially the same. 

If now, we can find rational values for yA + Bx rt C:^ 
and for dx, in terms of a new variable, the expression will 
take a rational form. 

There are two cases to be considered: 1st,, when th* 
coefficient of i^ is positive ; and, 2d, when it is negative 
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Let us consider them separately. First, make 

= VcVa + bx + x', 

■ u- u A , B 

m which a = — , o — — . 

In order to find rational values for dx and Va-^bx+ai', 
place 

Va + bx + ^ = x + z, (1) 
from which, by squaring both members, we find 

a + bxr=2a:z + s'', (2) 
and hence, 

b-Zs' ^ ^ 
and substituting this value in equation (1), 



and by reducing to the same denominator, 

/» + fa + :,-=- ''~_|;^^+° . (4) 

Let tis now find the value of dx in terms of z. For this 
purpose we will differentiate equation (2), we then find 

bdx—2xdz + 2zdx+2zdz; 
whence we have 

(b-2z)dx=Z{x + z)dz; ■ 
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and by subtracting equations (1) and (4), and substituting 
for x-\- z the value thus found, we liave 

6 — 22 



265. Let us take, as an example, 



which may be written under the form 



VCxxVa + bx + w"' 

and substituting the values of Va -i-bx + x^ and dx, from 
equations (4) and (5), we have 

dx 2dz 



■Va + bx + a? b-2z' 

and miihiplying the denominator by the value of x, in 
equation (3), 

dx _ 2dz 

a^Vo+l^T^ s^ — a' 

and then by V C, we have 

d/c dx 2dz 



VCxa: Va + bx + x'' xVA+hx+Cx^ {z''-u)VC 

which is a rational form, and may be integrated by the 
methods already explained. 
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266. Let us take, as a second example. 



VA + c^a^ 
which may be placed under the form 



d comparing this with the form of Art. 264, gives 
c^^/C, 6 = 0, A^a. 



Hence, 



/dx _ I /• dx 



■v/A + c^a^ <■ J Va + x" 
Having placed 

we found, Art. 264, equations (5) and (4), 



dx~ 



2^^ 



■dz, ■Va-<t-^ = 



Substituting for z its value, and multiplying by — , 

have 

r_,i_ ^ _ llog [ V7+^ - ^] + C, 
J Vfe + cV c ^^' ^ 

and substituting for a its value, -^, we have 
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= _ ilog— - — log( VFT^ - ex) + C. 

But since the difference of the squares of the two terms 
within tiie parenihesis is equal to A, it follows that if h 
be divided by the difference of the terms, ihe quotient will 
be their sum (Alg. Aji. 59). But the division may be 
effected by subtracting their logarithms. Let us, then, 
add to, and subtract from, the second member of the equa- 
tion, — \ogh. We shall then have, 



or by rep 

and C, by 



by representing the three constants —log — ■ 1 



267, Let us talie, as a third example. 

Comparing this with the general form, we find 
a = m^ and i — ; 
nence (Art. 264), 

y^^-^^2!+^ and dx=-^f^-d 
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and consequently, 

dx -/n?"-!^ ^ — '^ f ' dz, 

which is rational in z ; and, having found the integral in z, 
substitute the value of z in terms of w. 

268. Let us now consider the case in which the coeffi- 
cient of a^ is negative. We have 



= 'VC ■\/a-\-bx~ 0?. 
If now, we make as before, 



and square both members, the second powers of x in each 
member will not cancel, as before ; and therefore, x can- 
Aot be expressed rationally in terms of z. We must, 
therefore, place the value of the radical under another 
form. We will remark, in the first place, that the Mvaa- 
mial a-\-hT.—^, may be decomposed into two rational 
factors of the first degree, with respect to x. For, if we 
make 

and designate the roots of the equation by « and «', we 
have (Alg. Art. 142) 

{x^-hx-a) = {x-.){a:-<J). 
and consequently, by changing the signs, 
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and placing the second member under the radical, 
may make 



V(x-.){.'-ar) = (^— )^; (I) 
squaring both members 

and by suppressing the common factor cc — tc, 
whence, 



l+£" 




and . . j^^. 


—; 


or by reducing, 




" - ! + .■• 


(3) 



which, being substituted in the second member of equa- 
tion (1), gives 



•(S^T(-'-=;)=Y:pp-'i (4) 

and by differentiating equation (3), we obtain 



S69. To apply this method to a particular example o 
the form 

dx 
Vo -i-bx — x' 
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i the values of Va + Ox — a^ and dx, found i 
equaiions (41 and (5) : we find 

d:e _ 2(«'-«)a _ 2dz 

Va + ba;-a^ ~ ,. . ^-.a j"'--') ^ ~ ~ 1 + 2^ 

hence 

f '^■^ - =-2l,-ing-'g+ C; 

or, by substituting for z its value from equation (1), 






270. If, in the last formula, we make 
a-1 and b^O, 
the trinomial under the radical will become 1 —a^, and 
the roots of the equation a:^ — - 1 = are 

« = - 1 and «' ^ ] . 
Substituting these values, and the general formula becomes 

J i/r^? V 1+^' 

and if we suppose the integral to be when x — O, we 
shall have 

0=C- Slang-' (1) 
= 0-2(45°) (Trig. A.rt. VIII) 

= C-90°: hence C = -^. 
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Substituting this value, and we have 
271. We have already seen (Art. 219} tliat 

J vr^~^"^ '^' 



should also represent the arc of which x is the sine 
To prove this, we have (Trig. Art. XXV) 

2 tang A 
1 — taiig^^' 

/I -X 



to the arc whose tangent is 



/T-^ 



s equal 



•T 



But the arc whose tangent is J_ —, is the com- 
plement of the arc whose tangent is ■ . ■ , (Trig. 

Art. XVIII) ; and this arc has a: for its sine. Hence, 
either member of the equation 
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J Vl_^ 3 ° V 1 + a,-' 

represents the arc whose sign is x. 

27S. Lei us take, as a last example, the differential 



In comparing this with the general form, we find (Art 
268) 

"-0 and «' = 2a; 

and Art. 268, equations (4) and (5), give 

2az 



Substituting these values, we have 

which may be integrated by the method of rational 
fractions. 



Rectification of Plane Curves. 

273. The rectification of a curve is the expression for 
its length. When this expression can be found in a finite 
number of algebraic terms, the curve is said to be recttfiahle, 
and its length may be represented by a straight line. 

274. The differential of the arc of a curve, referred to 
rectangalar co-ordinates, is (Art. 128) 

dz— ^/ da? -\- dy^. 
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Hence, if it be required lo rectify a curve, given by its 
equation, 

1st. Differentiate the equation of the curve. 

2d. Combine ike differential equation thus found with 
the given equation, and find the value of dx^ or dy^ in 
terms of the other variable and its differential. 

3d. Substitute the value thus found in the differential 
of the arc, tohtch will then involve but one variable and 
its differential Then, by integrating, we shall find an 
expression for the length of the arc, estimated from a 
given point, in terms of one of the co-ordinates. 

275. Let us take, as a first examplej tbe common para- 
bola, of which the equation is 

y' = 2px. 

Differentiating, and dividing by 3, we have 
ydy =pdx, 
and consequently. 



subsiituting this value in the differential of the arc, we 
have 




which, being integrated by formula (B) Art. 239, gives 
by supposing m = l, a=:p\ 6 = 1, n = 2, p — -—. 
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f^,vf-,^-'-^^-^if~ 



dy 



Vz + i/"' 

and integrating the second term by the formula of Art. 
266, we have, after maKing h =p^, <? ~ 1, 

/*■ ,...,- ■■- ^ log*" V/ + y' + y) ; 
J y p^ + If 

and consequently, 

1 



If we estimate the arc from the vertex of the parabola, 
we shall have 

y = for 2 — : hence 
= — iogi^+C or C = -^\Qgf; 



and consequently, 

2p 2 ^\ p ) 

and hence, the value of the arc, for a given ordinate y, can 
only be found approximatively. 

276. The curves represented by the equation 

are called parabolas. This equation may be placed under 
the form 



ir by placing p' =p', and —=n', we have 
y=p'w^; 
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or finally, by omitting the accents, the form becomes 

By differentiating, we have 

dy — npa?'~'dx, 
and by substituting this value of dy in the differential of 
the arc, we have 

z —/{I + n^p^x'''~^y da:. 

The integral of this espression will be expressed in a 

finite number of algebraic terms when ~ is a whole 

" 2k — 2 

number and positive (Art. 235). If we designate such 

whole and positive number by i, we have for the condition 

of an exact integral in algebraic terms, 

1 8i+l . 

2?i-2""'' ™ "~ 2i ' 

and substituting for n, we have 

y^px '■'' ' or y^'z=p"ip"+', 

which expresses the relation between x and y when the 
length of the arc can be found in finite algebraic terms. 
There is yet another case in which the integral will be ex- 
pressed in finite and algebraic terms, viz. when ~ — — +— 
is a positive whole number (Art. 236 and 2.35.) 

277. If we make i— 1, we have H= — .and 
2 

which is the equation of the cubic parabola. 
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Under this supposition, the arc becomes (Art. 217) 

and hence, the cubic parabola is rectifiable (Art. 273). 

If we estimate the arc from the vertex of the curve, we 
have x=Q, for s = : hence 

0-— ,+ C, or C^--l-: 
•ill/ 27/' 

and consequently, 

8 f/ . 9 , \i n 

278. If the origin of co-ordinates is at the centre of tfle 
circle, ihe equation of the circumference is 

J^s = ^ + y^ 
and the value of the arc, 

If the origin be placed on the curve 
y^ = ZRa ~ a?, 
dx 



and 



-/v 



both of wrhich expressions may be integrated by series, 
and the length of the arc found approximatively. 

279. It remains to rectify the transcendental curves. 
The differential equation of the cycloid is (Art. 182) 

V 2j-'/ — i/ 
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which gives 



y^^'f 



Substituting tiiis value of d-^ in tlie differential of tlie 
arc, we obtain 



dz - 



^4' 



dy'^- 



'/<-¥ 



"•"^i 



2ry 



2rj/-7/ ' V Zr)-f 

' -if —i/ 
But (Art. 217) 

/i2r-!/)-h,j = -2(2r-yf+C; 
and hence, 



z ^ -(2r)=3V2r-j/+ C ^ - -2-/¥r(2r -y) + C. 

If now, we estimate 
the arc z from B, the 
point at which y ~2r, 
we shall have, for s ^ 0, 
y = 2r; hence 

= + C, or C=0, 
and consequently, the true integral will be 



z=: ~2-^2r{2r — i/); 
the second member being negative, since the arc is a 
decreasing function of the ordinate y (Art, 31). 

If now, we suppose z/ to decrease until it becomes 
equal to any ordinate, as DF—ME, DB will be repre- 
sented by z, or by 2^/2r{2r ^y), and BE = Zr — y. 
But BG^ = BM X BE : hence 

BG = V2r(2r-y), 
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and consequently 

or the arc of the cycloid, estimated from the vertex of the 
aids, is equal to twice the corresponding ' chord of the 
generating circle ; hence, the arc BDA is equal to twice 
the diameter BM ; and the curve ADBL is equal to four 
times the diameter of the generating circle. 

380. The differential of the arc of a spiral, referred to 
polar co-ordinates, is (Art. 202) 



dz= Vdu^ + u^d^. 
Taking the general equation of the spirals 

we have du^ — n^aV"~'d^ ; 

and substituting for du^ and u^ their values, we obtain 

dz = at'"'dtVn'^ + l?- 

If we make n — 1, we have the spiral of Archimedes, 
(Art. 191), and the equation becomes 

dz — adt vl + f; 

which is of the same form as that of the arc of the com- 
mon parabola (Art. 275). 

381. In the logarithmic spiral, we have t = \ogu, and 
the diiferential of the arc becomes 

dz = duV2+C; 
and if we estimate the arc from the pole, 
z = uV2. 
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Consequently, the length of the arc estimated from the 
pole to any point of the curve, is equal to the diagoriEil of 
a square described on the radius-vector, although the 
number of revolutions of the radius-vector between these 
two points is infinite. 

Of the Quadrature of Curves. 

282. The quadrature of a curve is the expression of its 
area. When this expression can be found in finite alge- 
braic terms, the curve is said to be quadrable, and may be 
represented by an equivalent square. 

283. If 5 represents the area of tbe segment of a curve, 
and X and y the co-ordinates of any point, we have seen 
(Art. 130), that 

ds = ydx. 

To apply this formula to a given curve : 

1st. Find from the equation of the curve the value of y 
in terms of x, or the value of dx in terms of y, which 
values will be expressed under the forms 

y^f{x), or dx^f{y)dy. 

2d. Substitute the value of y, or the value of dx, in the 
differential of the area : we shall have 

ds=: f{x)dx, or ds = f{y)dy: 

the integral of the first form will give the area of the 
curve in terms of the abscissa, and the integral of the 
second will give the area in terms of the ordinate. 
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384, Let us take, as a iirst example, the family of para- 
bolas of which the equation is 







r 


=pi- 


we shall thai 


ihave 






and 




y 


=?"" 


SF{„)J^ = 


= /?■- 


^dx = 


V 



by substituting y for its value, p"ie°. 

If, instead of subsliluting the value of y in the differential 
of the area 

ydx, 

we find the value of dx from the equation 

we have 

dx = — =T — dy, 
P 
and consequenlly, 

p-" p" 

by substituting a; for its value, —^, which is the same re- 

suit as before found. 

Hence, the area of any portion of a parabola is equal 
to the rectangle described on the abscissa and ordinate 
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multiplied by the ratio . The parabolas Eue there- 
fore quadrable. 

In the common parabola, n_=2, M = l, and we 
have 

that is, the area of a segment is equal to two thirds of 
the area of the rectangle described on the abscissa and 
ordinate. 

285. If, in the equation 

we make n^l, and m—i, i[ will represent a straight 
line passing through the origin of co-ordinates, and wp 
shall have 

ff{a::)dx^—a:ij, 

which proves that the area of a triangle is equal to half 
the product of the base and perpendicular. 

286. It is frequently necessary to find the integral or 
Junction, between certain limits of the variable on which 
it depends. 

A particular notation has been adopted to express such 
mtegrals. 

Resuming the equation of tlie common parabola 
f = 2px, 
and substituting in the equation ydx the value of dx — ■^~^, 
we have 
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)r, ' die area be eslimaled from the 
ff/tex A, we have C — 0, and 




If now, we wish the area to terminate 

at any ordinate PM— 6, wc shall then 

take the integral between the hmits of y — Q and y —b ; 

and, to express that in the differential equation, we write 



7J o^'^^ = Ti' 



p.! " " Zp 

which is read, integral of if'dy between the limits y = 
and y =.h. 

If we wish the area between the ordinales MP ~ 6, 
WP' = c, we must integrate between the limits y=:b, 
y = c. We first integrate between and each Umit, viz. : 



AMP: 



if> 



= j/o»'* = 



AMM'P 
then have 

PMM'P = AMM'P' -AMP 






= 7/4'"* 



3p 3p 3p ^ ' 

2S7. Let us now determine the area of any portion of 
the space included between the asymptotes and curve of 
an hyperbola. 
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The equation of ihe hyperbola referrca to its asymp- 
totes (An. Geom. Bk. VI, Prop. IX,) is 

xy = M. 

In the differential of the area of a curve ydx, x and y 
are estimated in parallels to co-ordinate axes, at right an- 
gles to each other. 

The differential of the 
area BCMP, referred to 
the oblique axes AX, 
A Y, is the parallelogram 
PMM'P', of which 
PM=y zaA.-PP'-dx. 

If we designate the 
angle YAXr=MPXhy 
(3, we shall have 

area PMM'P = ydicBm^ ; 

M 




and substituting for y its value 
the area BCMP by s, we have 

ds = MsinS — , 
and s=:Msin(3 f — 

J CO 



and representing 



'dx 



Msm^hgw+C. 



li AC is the serai-transverse axis of ihe hyperbola, and we 
make A5 — 1, and estimate the area s from PC, we shall 
have, for ic= 1, 5:^0, and consequently C=0; and the 
true integral will be 



= Af sinolog af. 
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But, since ABCD is a rhombus, and M=AB X BC (Aft. 
Georti. Bit. VI, Prop. IX, Sell. S), and since AB = 1, we 
lutve M— 1, and consequently. 



Now, since s, which represents the space BCMP for any 
abscissa a:, is equal to the Naperian logarithm of x riiulti- 
plied by the constant sin (3, s may be regarded as the loga- 
rithm of a? taken in a system of which sinp is the modu- 
lus (Alg, Art, 268). Therefore, any hyperhoUc space 
BCMP is the logarithm of the corresponding ahscisSd 
AP, taken in the system whose modulus is the sine of the 
angle included between the asymptotes. 

If we would make the spaces the Naperian logarithms 
of the corresponding abscissas, we make sinjs = i, which 
corresponds to the equilateral hyperbola. If we would' 
make the spaces the common logarithms of the abscissas, 
make sin(S- 0.43429945, (Alg. Art. 272). 

288. The equation of the circle, when the origin of co- 
ordinates is placed on the circumference, is 

y'^ — 2ra: — ■ x^, or y — V 2ra; — or', 

and hence, the differential of the area is 

dx Vara; — a^ ; 

and this will become, by making x — r — U, 

If we integrate this expression by formula (B, Art. 239, 
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-fdu{^-uy = -^u(r^-ur—^'\rdK^ U>) 



J. -t/ r^— ^ -\-—r' C ~ 

^ "3 J y/^^z:^' 



-du 

But we have {Art. 353) 

J ^r^^ii' ^rJ' 

and placing for u its value 

/dxV2rx-ce' = 
— l(r-o^)V2rcc~a^ + ~r'cos-'(^^^^^y\-C; 

and tailing this integral between the limits a: = and 
.at= 2r, we shall have the area of a semicircle. 

For a^ = 0, the area which is expressed in the first 
member becomes 0, the first term in the second member 
becomes 0, and the second term also becomes 0, since 
the arc whose cosine is 1, is ; hence the constant 
C = 0. 

If we now make x — 2r, the term 

reduces to 0, and the second term to 

lr-co,-'(-l) = ^,'^ (Trig. Art. XIV), 
and consequently, the entire area is equal to r'n-, which 
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con-esponds with a known result (Gcom. Ek. V, Prop. XII, 
Coi. 2). 

The equation of tlie ellipse, the origin of co-ordi- 
nates being at the vertex of the transverse axis (An. Geom. 
Bk. IT, Prop. I. Sch. 8), gives 

y — — -^f-ZAx—ai^, 

and consequently, the area of the scmi-ellipse will be 
equal to 

Jydx — — / (ia^VSAa:-— a^. 

Integrating, as in the last example, between the hmits 
2^ = 0, and a = %A, and muliiplying by 2, we find AB'^ 
for the entire area. This corresponds with a known result 
(An. Geom. Bk. IV, Prop. XIII). 

289. The differential equation of the cycloid (Art. 183) is 

V 2/!/ — y^ 
whence 



Jydx ^ f- 



■\/2ri/ — ij^ 

and applying formula E, (Art. 243) twice, it will reduce to 
( - ^^ : and (Art. 226) 

/ *= = ve„i„-'(|). 

But we rnay determine the area of the cycloid in a more 
simple manner by introducing the exterior segment jlF/^/i, 
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Regarding FB as a F 

line of abscissas, and de- ^K::::^.. 



signaling any ordinate as ^/ iC\r / ^^ 
KH.by ^ = 2r-y, we - f ' ^V ¥ 



8 hall have 

d(AFKII) ^ zdx. 
BuE 



■Vzry — -f 
whence 

AFKH = fdt,V2iy—f + C 

But this integral expresses the area of the segment of a 
circle, of which the abscissa is y and radius r (Art. 288); 
that is, of the segment MIGE. If now, we estimate the 
area of the segment from M, where y — 0, and the area 
AFKH from AF, in which case the area AFKH=0 for 
y ^ 0, we shall have 

AFKH = MIGE; 

and taking the integral between the hmits y = and 
y = 2r, we have 

AFB ^ semicircle MIGB, 
and consequently, 

area AHBM= AFBM-MIGB. 

But the base of the rectangle AFBM is equal to the semi- 
circumference of the generating circle, and the altitude is 
equal to the diameter, hence its area is equal to four times 
the area of the semicircle MIGB ; therefore, 

areaAi75M"= SMIGB, 
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and consequently, the area AHBL is equal to three times 
the area of the generating circle. 

290. It now remains to determine the area of the spiraJa. 
If we represent by s the area described by the radius-vec- 
tor, we have {Art. 203) 

and placing for u its value at" (Art. 189) 

, aH^"dt , <iV''+' , „ 
ds = and s = - — \- C, 

And if « is positive C = 0, since the area is when * = 0. 
After one revolution of the radius-vector, t=2-^, and we 
have 

which is the area included within the first spire. 

291. In the spiral of ArcMmedes (Art. 192) 

a = —— and n~\; 
2ir 

hence, for this spiral we have 

f 

*~ 243-^' 

which becomes -—, after one revolution of the radius- 
vector ; the unit of the number — being a square whose 
side is unity. Hence, the area included by the first spire, 
is equal to one third the area of the circle whose radius is 
equal to the radius-vector after the first revolution. 

In the second revolution, the radius-vector describes a 
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second time the area described in the first revolution ; and 
in any revolution, it will puss over, or redescribe, all the 
area before generated. Hence, to find the area at the end 
of the mth revolution, we must integrate between the limits 

t = {m— 1)2^ and t = m.2^, 
which gives 

rf_(„_i)> 



If it be required to find the area between any two spires, 
as between the mth and the (_m+ l)th, we have for the 
whole area to the (m + l)ih spire equal to 

and subtracting the area to the mth spire, gives 

(». +iy^2rf+(m-iy , 
-3 ^ '""'• 

for the area between the mth and {m + l)th spires. 

If we malte m = l, we shall have the area between the 
first and second spires equal to St; hence, the area be- 
tween the mth and (m+ l)tk spires, is equal to in times 
the area between the first and, second, 

292. In the hyperbolic spiral n= — 1, and we have 

ds = dt and s— — — . 

3 2t 

The area s will be infinite when t = 0, but we can find 

the area included between any two radius-vectors b and c 

by integrating between the limits t — S, t — c, which will 

give 

2U cJ 
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293. In the logarithmic spiral t — logw ; hence, dt = 

u^dt udu 
~%'~ 2 ' 
udu u^ , „ 



/ud 



and by considering the area s~0 when w — 0, we have 
C^O and 



Determination of the Area of Su?faces of 
Revolution. 



294. If any curve BMM', be re- 
volved about an axis AX, it will de- 
scribe a surface of revolution, and 
every plane passing through the axis 
AX will intersect the surface in & me- 
ridian curve. It is required to find the 
differential of this surface. For this 
purpose, make AP — x, PM = y, and PP' 
then have 




PM ■■ 



= /(^) = y, 



P']lf = f{x + h) = y 



Jj.h'^'iL 
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In ihe revolution of the curve BMM', 
the extremities M and M' of the ordi- 
nates MP, M'P', will describe the cir- 
cumferences of two circles, and the 
chord MM' will describe the curved 
surface of the frustum of a cone. The 
surface of this frustum is equal to 
{Geom:Bk. VIII, Prop. IV.) 




(2^MP+^^M'P') 



X chord MM' =T {MP +MP') X chordUM"; 



and by substituting for MP, MP' their values, the expres- 
sion for the area becomes 



MM'. 



If now we pass to the limit, by making A = 0, the chord 
MM' will become equal to the arc MM' (Art. 1 28), and the 
surface of the frustum of the cone will coincide with that 
of the surface described by tlte curve at the point M. If we 
represent the surface by s and the arc of the curve by z, 
we have, after passing to the limit, 

ds = 2^1/dz, 
and by substituting for dz its value (Art. 128), we have 



ds — Stry Vda^ + dif : 

whence, the differential of a surface of revolution is equal 
to the circumference of a circle perpendicular to the axis, 
into the differential of the arc of the meridian curve. 
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Remark. It should be observed Lhat X is the axis about 
which the curve is revolved. If it were revolved about 
the axis Y, it would be necessary to change x into y and 
ij into X. 

295. If a right angled triangle CAB be revolved about 
the perpendicular CA, the hypothenuse CB will describe 
the surface of a right cone. If we represent the base BA 
of the triangle by b, the altitude CA by h, and suppose 
the origin of co-ordinates at the vertex of the angle C, we 
shall have 

a: : y : : h : b: hence 

y — ~-~a: and dy — —-d!c. 

Substituting these values of y and dt/, in the general for- 
mula, we have 



/2^i/V'i^''+df=f2^ 


'w'" 


/li'+b'. 


"If 


VA»+6'+C, 


and integrating between the limits x^ 


^0 a] 


^d x — h, we 


obtain 










surface of the cone 


, =,4- 


l/A"+i' 


CB 


--? 



:.AB> 

•4 

296. If a rectangle ABCD be revolved around the side 
AD, we can readily find the surface of the right cylinder 
which will be described by the side BC. 

Let us suppose the axis AD = h, and AB = b : the 
equation of the Hne DC will be y = b: hence, dy — 0. 
Substituting these values in the general expression of the 
differential of the surface, we have 



j2Ty\/d3? + dy^ = j2'Tbd'J:^2^hic-\- C; 
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and taking ihe inlcgtal between the limits x~0, a: = h, 
we have 

surface ~2^bJi — circ.AB x AD. 

297, To find the surface of a sphere, let us take the 
equation of the naeridian curve, referred to the centre as 
an origin : it is 

and by differentiating, we have 

a:dx + ijdy — ; 
hence 

, _ xdx , J s„ '^^^ 

Substituting for dy its value, in the differential of the 
surface 



= 2iryVda?-\-d 



s = J'a.^y y da? + ^6.0? ^f'i'^Rdx ^ 



2^Rx-\-C. 



If we estimate the surface from the plane passing through 
the centre, and perpendicular to the axis of X, we shall 
have 

s — Q for x = 0, and consequently C = 0. 

Now, to find the entire surface of the sphere, we must 
integrate between the limits a? = + R and x= ~ R, and 
then take the sum of the integrals without reference to 
their algebraic signs, for these signs only indicate the po- 
sition of the parts of the surface with respect to the plane 
passing through the centre of the sphere. 
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Integrating between the limits 

x = and x= +R, 
we find 

s = 2^i^^■ 

and integrating between the limits x~0 and x— -- R, 
there results 

hence, 

suriace^i^R^^2!tRx2R; 

that is, equal to four great circles, or equal to the curved 
surface of the circumscribing cylinder. 

298. The two equal integrals 

s = 2^R^ and s^-2tR^ 

indicate that the surface is symmetrical witii respect to the 
plane passing through the centre. 

299. To find the surface of the paraboloid of revolution, 
take the equation of the meridian curve 

y^ — 2px, 

which being differentiated, gives 

i^ = * and <ix' = «. 

p r 

Substituting litis value of Ac iu the differential of the siir 
face, it reduees to 

Ho,-.db, Google 
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But we have found (Art. 217) 



/2n- - 2ir t- 



and if we estimate the surface from the vertex at which 
point 1/ = 0, we shall have, 

= ?2!+c, whence, C= -^. 

and integrating between the limits 

1/ =0, ij=:b, 



300. To find the surface of an elHpsoid described by 
revolving an elhpse about the transverse axis. 
The equation of the meridian curve is 

whence 

, H'xda: B vda; 

^^ A^ y ^ A ^^2^^- 

substituting the square of this value in the differentia] of 
the surface and for y its value 



we have 



B 



ds=•i^--dx^/A^-{A^~&)^, 
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and if we represent the pari without the sign of the inte- 
gral by D, and make 



we slial! have 

But the integral of dtr -y/R^ — x^ is a circular segment 
of which the abscissa is x, the radius of the circle being 
R. If, then, we estimate the surface of the ellipsoid from 
the plane passing through tJie centre, and also estimate the 
area of the circular segment from the same point, any 
portion of the surface of the ellipsoid will be equal to the 
corresponding portion of the circle multiplied by the con- 
stant D. Hence, if we integrate the expression 

s=fdx^R^-a? 

bulween the limits x = and x = A, and designate 
by D' the corresponding portion of the circle whose 
radius is R, we shall have 

— surface ellipsoid — D X !>'; 

hence, surface ellipsoid = 2D x D'. 

301. To find the surface described by the revolution of 
the cycloid about its base. 

The differential equation of the cycloid is 

V 2ry — y^ 



Hcssdb, Google 



ELEMENTS OF THE 



Substituting this value of dx in the differential equation 
of the surface, it becomes 

■\/2ry ~ y^ 
Applying formula (E), Art. 343, we have 

But, 

J V^ry—f J -^^r—y 



i y 

ry-f J V 
hence, 



If we estimate the surface from the plane passing through 
the centre, we have C — 0, since at this point s — 
and y = 2r. If we then integrate between the limits 
y = 2r and y = 0, we have 

s = — surface =: . .ttj-^; hence, 



s — surface ^ — ir'^''^' 

that is, flie surface described by the cycloid, when it is 
revolved around the base, is equal to 64 thirds of the 
generating circle. 

The minus sign should appear before the integral, since 
the surface is a decreasing function of tlie variable y 
(Art. 31). 
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Of the Cuhaiure of Solids of Revolution. 

302. The cubature of a solid is the expression of its 
volume or content. 

303. Let u represent the volume or c iW 
solidity generated by the area ABMP, M\^x^ 
when revolved around the axis AX. Jf 
we make AP ~ x. PP' = K we have 
M'P'=F{x+li). Now, the solid gene- 
rated by the area ABMM'P', will ex- 
ceed the solid described by ABMP, by ~~r P P' X 
the solid described by the area PMM'P'. 

The solid described by the area ABMP is a function of 
X, and the solid described by llie area ABMfifP' is a simi- 
lar function of {x -\- h). If we designate this last by u', 
we have 

, du, , <Pu k^ (Pu h^ 



dx 



da^ 1.2 dx^ 1.2.3 



+ &C.; 



hence, the solid described by PMM'P' is 



^-r-- ■ +&C. 



Let us now compare the cylinder described by the rectan 

gle P'M with that described by the rectangle P'C. The 

equation of the curve gives 

MP = y^F(x) M'P'=F{x+h); 

hence, since PP' ="k, 

cylinder described by P'M- n[F{x)fh, 
cylinder described by P'C =^[F{x-irh)fli; 
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and the ratio of the cylinders is 



lF{c)]'' 



the limit of which, when h = 0, is unity. 

But the solid described by the area PMMT' is Icsa 
than one of the cylinders and g]-eater than the other , 
hence, the limit of the ratio, when compared with either 
of them, is unity. Hence, 

du , , d'u }? , e du , d^u h , , 





.[F(«)J 


'h 


the limit of wliicli, ■ 


when h = 0, 






da 
du 




-[-FWl' 


whence 


du 

ir. 


= -[-fC-ff 



•['•"'{«)]' 



and finally 

du — 'Ti/'^dx ; 

the differential of the solidity ■^■^dx being a cylinder whose 
base is ^y^ and altitude dx. 

304. Remark. The differential of a solid, generated by 
revolving a curve around the axis of Y, is 

^a^dt/. 

305. Let it be required to find the solidity of a right 
cylinder with a circular base, the radius of the base t'^in^ 
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r and ilie allimde h. We have for tlie differential of llie 
solidity 

and since y ~r, it becomes 

and taking the integral between ihe limits x =0 and x=i\ 
we have 

which expresses the solidity. 

306. To find the solidity of a right cone with a circular 
base, let us represent the altitude by A and tJie radius of 
the base by r, and let us also suppose the origin of co-or- 
dinates at the vertex. We shall then have 

5' = T" '"'' *" = $"■ 

and substituting, the differential of the solidity becomes 

and by tailing the integral between the linJts a^ = and 
ar = h, we obtain 

that is, the area of the base into one third of the altitude. 

307. Let it be required to find the solidity of a prolate 
spheroid, (An : Geom : Bk. IX, Art. 33). 

The equation of a meridian section is 
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wbich fcires 

hence the differential of llie solidity is 

du = IT -tiiA'' — x^)dx, 
and by integrating 

If we estimate the solidity from the plane passing through 
the centre, we have for a? — 0, u = 0, and consequently 
C = 0; and taking the integral between the limits a; — 
anda:=jl, we have 

1 3 

— solidity = — t5^ X ^ ; 

and consequently 

solidity = —tB^X 2A. 

But tB* expresses tlie area of a circle described on the 
conjugate axis, and 2A is the transverse axis ; hence, 
the solidity is equal to two-thirds of the circumscribing 
cylinder. 

308. If an ellipse be revolved around the conjugate axis, 
it will describe an oblate spheroid, and the diiferenlial of 
the solidity would be 

du = Ta^tZv .* 
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and substituting for a^, and integrating, we should find 
solidity^YTA'xSii; 

that is, two-lhirds of the circumscribing cylinder. 

309. If we compare the two solids together, we find 
oblale spheroid : prolate spheroid : : A : B. 

310. If we make A = B, we obtain the solidity of the 
sphere, which is equal to two-thirds of the cii cum scribing 
cylinder, or equal to 

4 1 

T"^' = ¥-^- 

311. Let it be required to find the solidiiy of a para- 
boloid. The equation of a meridian seclion is 

f = ^P^' 

and hence the differential of Uie solidity is 

du=2''pa;da!; hence 

and estimating the solidity from the vertex, and taking ilia 
integral between the hmits a — and x = k, and designa- 
ting by b the ordinate corresponding to the abscissa x = h, 
we have 

that IS, equal to half the cylinder having an equal base 
and altitude. 

312. Let it be required, as a last example, to determine 



Hcssdb, Google 



874 



ELEMENTS OF THE 



the solidity of ihe solid generated by the revolution of the 
cycloid about its base. 

The differential equation of the cycloid is 



dx=: 



hence we have 



' VSn 



V2ry — y' 



wliich, being integrated by formula (E) Art. 243, and then 
by Art. 226, we find the solidity equal to five-eightlis of 
die circumscribing cylinder. 



Of Doiible Integrals. 

SI3. Let Hs, in the first place, consider a solid limited 
by the three co-ordinale planes, and by a curved surface 
which is intersected by the co-ordinate planes in the curves 
CB, BD, DC. 

Through any point of 
the surface, as M, pass 
two planes HQF and 
EPG respectively paral- 
lel to the co-ordinate planes 
ZX, YZ, and intersect- 
mg the surface in the 
curves HMF and EMG. 
The co-ordinates of the 
point M are 

AP=x, FM'^y, MM'=z. 
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It is now evident that the sohd whose base on the co-ordi- 
nate plane YX is the rectangle AQM'P, may be extended 
indefinitely in the direction of the axis of X without chang- 
ing the value of y, or indefinitely in the direction of ¥ 
without changing w. Hence, a; and y may be regarded 
as independent variables. 

If, for example, we suppose y to remain coiislant, and x 
to receive an increment Pp = li, ihe solid whose base is 
the rectangle AQM'P, will be increased by the solid 
whose base is the rectangle M'm'pP ; and if we suppose 
a. to remain constant, and y to receive an increment 
Qq ™ k, the first solid will be increased by the solid whose 
base is the rectangle Qqn'M'. 

But if we suppose x and y to receive their increments 
at the same time, the new solid will still be bounded by 
the parallel planes epg, liqf, and will differ from the prim- 
itive solid not only by the two solids before named, but 
also by the solid whose base is the rectangle n'M'm'N'. 
This last solid is the increment of the solid whose base is 
ihe rectangle M'Ppmf, when we suppose y to vary; or 
the increment of the solid whose base is the rectangle 
Qqn'M', when we suppose x to vary. 

Let us represent by u the solid whose base is the rect- 
angle AQMP ; u will then be a function of x and y, and 
the diiference between the values of the increments of u, 
under thp supposition that x and y vary separately ; and 
tinder the supposition that they vary together, will be equal 
to the solid whose base is the rectangle n'M'm'N'. By 
taking this difference (Art. 83) we have 

daidy 
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hence, 

mridn'N'm'M'...M dhc 1 (l?u ^ 1 (fa 

and passing to the limil, by making A = and fc =0, the 

dxdy' 
As regards the first member, the rectangle 

n'N'm'M = hxh 

and the altitude of the solid becomes equal to M'M=z 
when we pass lo the limit; hence 

dxdy ~ 

S14. Although the differential coefficient 

d?u 
dxdy ~ 

has been determined by regarding w as a function of two 
variables, we can nevertheless return to the function u by 
the methods which have been explained for integrating a 
function of a single variable. 
For we have 

dxdy dy 

hence 

arid integrating under the supposition thai a; remains ctjn- 
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Slant, and y varies, we Iiave 

whence 

■—■ d^ = dx f zdy -\- j^ dx ; 

and if we integrate this last expression under the supposi- 
tion of X being the variable, and make fX' dx = X, 

u^fdxfzdy + X-^Y. 

It is plain that the constant, which is added to complete 
the first integral; may contain x in any manner whateveri 
and that which is added in the second integral, may contain 
y: the first will disappear when we differentiate with 
respect to y, and the second when we differentiate with 



The order of integration is not material. If we first, 
integrate with respect to x, we can write 



and by integi-ating, we find 

— —fzdx, u =Jdyfzdx : 
dy 

hence we may write 

u=ffzdydx, or u=Jfzdxdy, 

which indicates that there are two integrations to be per- 
formed, one with respect to x, and the other with respect 
to y. 
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315. If we consider ihe differentials as llie indefinitely 
small increments of the variablea on which ihey depend, 
we may regard the prism whose base is the rectangle 
n'N'm'M', as composed of an indefinite number of small 
prisms, having equal bases, and a common altitude dz. 
Each one of these prisms will be expressed by dxdydz, 
and we shall obtain their sum by integrating with respect 
to z between the limits z = and z = MM!, which 
will give 

j dxdydz = zdxdy. 

316. It is plain that zdx is the differential of the area 
of the section made by the plane HQF parallel to the 
co-ordinate plane ZX ; and consequently 

fzda! = nKa of the section HQF, 

Hence, {Jzdx^dy is equal to the elementary solid in- 
cluded between the parallel planes HQF, hqf, or 

f{fzda:)dy=fjzdxdy 

is equa! to the solid which is limited by the surface and 
the three co-ordinate planes. If we consider a section 
of the solid parallel to the co-ordinate plane YZ, we have 
fzdy — area of the section EPG, and ffzdxdy = solidity 
of the solid. 

317. Let us suppose, as a first example, that 

_ 1 
~ a?^y^' 
we shall then have 
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Let US now integrate under the supposition tliat c 
stant; we then have 



J x^ + y 



-^tang- 



in which X' represents an arbitrary function of x. If we 
now make fX'da! = X, and integrate again under the 
supposition that a; is a variable, we have 

fdx f-J^ -/d^f-l-tang-'X + jr~| 
tJ Or -\- y La; x _l 

= / —tang '-^ + X. 

tang" — 
ibstituting the value of (Art. i 



and since, in integrating ■with respect to x, we must add 
an arbitrary function of y, which we will represent by Y, 
we shall obtain 

We shall obtain the same result by integrating in the in- 
verse order, viz., by first supposing y to be constant. 
Under this supposition 

/-. JS r :a = — tang —+1^^. 
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then integrating with respect to w, 

•' y y 

But by observing that (Trig. Art. XVIII), 

lang-^ = ^-tang-'|-, 

we shall have, after the second integration, and the addi- 
tion of an arbitrary function of x, 

and as we can include the term - — logy in the arbitrary 
function Y, this result may be placed under the form 

which is the same as the result before obtained, as m_ay be 
shown by placing for tang"'-^ its value, multiplying each 
term by — , and integrating. 

318. When we consider 

ffzdxdy 

as expressing the solidity of a solid, it is necessary to con- 
sider the limits between which each integral is taken, and 
these limits will depend on the nature of the solid whose 
cubature is to be determined. Let it be- -iquired, for ex- 
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ample, to find the solidity of a sphere, of which the centre 
is at the origin of co-ordinates. Designating the radios 
by R, we have 

i;e' + f + z'' = RK 
and consequently, 

fjzdxdy =JJdxdy VR^-x'-f. 

If now, we suppose y constant, and make R^ — y^ = R'\ 
and then integrate with respect to a^, we have 



Jd^-VR^-x^-y'^^fdx^/R'^-^^, 

and integrating this last expression, first by formula (B) 
Art. 239, and then by Art. 220, we have 



and substituting for R'^ its value, we obtain 

It should be remarked, that fzdx expresses the area of 
a section of the sphere parallel to the co-ordinate plane 
ZX, for any ordinate y^AQ, and to obtain this area we 
must integrate between the limits a; = and x — QF, 
But since the point F is in the co-ordinate plane YX, 
we have for this point z = 0, and the equation of the sur- 
face gives 

QF = a:=VW^l ; 

therefore, for every value of y the integral fzdx must be 
taken between the limits a; = and x = VR^ — y'. Into- 
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